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Deformations of special Legendrian submanifolds
in Sasaki-Einstein manifolds
Takayuki Moriyama
Abstract. In this paper we study the deformation theory of submanifolds charac-
terized by a system of differential forms and provide a criterion for deformations of
such submanifolds to be unobstructed. We apply this deformation theory to special
Legendrian submanifolds in Sasaki-Einstein manifolds. In general, special Legendrian
deformations have the obstruction. However, we show that the deformation space of
special Legendrian submanifolds is the intersection of two larger smooth deformation
spaces of different types. We also prove that any special Legendrian submanifold
admits smooth deformations, which are not special Legendrian deformations, given
by harmonic 1-forms.
1 Introduction
Calabi-Yau manifolds can be studied in many categories, complex geometry, Ka¨hler
geometry, algebraic geometry, etc. From the view point of calibrated geometry
which was initiated by Harvey and Lawson [5], any Calabi-Yau structure induces
a calibration given by the real part of a holomorphic volume form. Recall that a
calibration is a closed differential form with comass 1 and a calibrated submani-
fold is defined by a submanifold in which the calibration equals to a volume form.
Special Lagrangian submanifolds in Calabi-Yau manifolds are calibrated subman-
ifolds. McLean provided the deformation theory for calibrated submanifolds [10].
In particular, he showed that the moduli space of compact special Lagrangian sub-
manifolds is smooth and the tangent space is given by the vector space of harmonic
1-forms. An important point of his proof was that any special Lagrangian submani-
fold is characterized as a submanifold where the imaginary part of the holomorphic
volume form and the symplectic Ka¨hler form vanish.
In this paper, we consider deformations of submanifolds characterized by differ-
ential forms which are not necessarily closed. We assume that (M, g) is a smooth
compact Riemannian manifold. We call X a submanifold in M if there exists an
embedding ι : X →֒M . Let X be a compact connected submanifold in M . We con-
sider a normal deformation of a submanifold X , that is, an embedding f : X →֒ M
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with a family {ft}t∈[0,1] of embeddings ft : X →֒ M such that f0 = ι, f1 = f and
d
dt
ft ∈ Γ(NXt) where NXt is the normal bundle of Xt = ft(X) in (M, g). We call
the set of normal deformations of X the moduli space of deformations of X . Now we
choose a system Φ = (ϕ1, . . . , ϕm) ∈ Γ(⊕mi=1 ∧ki T ∗M) of smooth differential forms
on M such that the pull-back ι∗Φ of Φ by ι : X → M vanishes :
ι∗Φ = (ι∗ϕ1, . . . , ι∗ϕm) = (0, . . . , 0).
We call a deformation f = {ft}t∈[0,1] of X a Φ-deformation if it satisfies f ∗t Φ =
(0, . . . , 0) for each t ∈ [0, 1], and we denote by MX(Φ) the moduli space of Φ-
deformations of X . We can regard X itself as an element of MX(Φ) and denote it
by 0X . We take a positive integer s and a real number α with 0 < α < 1 and consider
a deformation ofX of Cs,α-class, that is, a Cs,α-embedding f : X →֒ M with a family
{ft}t∈[0,1] of Cs,α-embeddings ft : X →֒ M such that f0 = ι, f1 = f , ddtft ∈ Γ(NXt)
and f ∗t Φ = 0. Let Ms,αX (Φ) denote the moduli space of Φ-deformations of X of
Cs,α-class.
A Sasaki-Einstein manifold is a (2n+1)-dimensional Riemannian manifold (M, g)
whose metric cone (C(M), g) = (R>0×M, dr2+ r2g) is a Ricci-flat Ka¨hler manifold
where r is the coordinate of R>0. We assume that M is simply connected. Then
the cone C(M) is a complex (n + 1)-dimensional Calabi-Yau manifold which ad-
mits a holomorphic (n + 1)-form Ω and a Ka¨hler form ω on C(M) satisfying the
Monge-Ampe`re equation Ω ∧ Ω = cn+1ωn+1 for a constant cn+1. An n-dimensional
submanifold X in a Sasaki-Einstein manifold (M, g) is a special Legendrian submani-
fold if the cone C(X) is a special Lagrangian submanifold in C(M). We characterize
a Sasaki-Einstein manifold as a Riemannian manifold with a contact 1-form η and
a complex valued n-form ψ such that (ψ, 1
2
dη) is an almost transverse Calabi-Yau
structure with dψ = (n + 1)
√−1 η ∧ ψ (See Section 3.2 for the definition of almost
transverse Calabi-Yau structures). Then X is a special Legendrian submanifold if
and only if ι∗ψIm = 0 and ι∗η = 0 where ι is the inclusion ι : X →֒ M and ψIm is
the imaginary part of ψ.
Let X be a special Legendrian submanifold andMX the moduli space of special
Legendrian deformations of X . Then MX is equal to the moduli spaceMX(ψIm, η)
of (ψIm, η)-deformations of X . The infinitesimal deformation space of X is given
by the eigenspace Ker(∆0 − 2(n + 1)) of the Laplace operator ∆0 on ∧0X with the
eigenvalue 2(n + 1). If the obstruction for MX vanishes, then MX is a smooth
manifold and the infinitesimal deformation space is the tangent space of MX at
0X . However, the obstruction for MX does not vanish in general. Let ωT be the
2-form 1
2
dη on M . We denote by NX and LX the moduli spaces MX(ψIm, ωT ) and
MX(η), respectively. We will see that the obstructions for NX and LX vanish, and
NX and LX are infinite dimensional Banach manifolds. We fix an integer s ≥ 3 and
a real number α with 0 < α < 1 and denote by N s,αX and Ls,αX the moduli space
Ms,αX (ψIm, ωT ) and Ms,αX (η), respectively.
Theorem 1.1. The moduli space MX is the intersection NX ∩LX where N s,αX and
Ls,αX are smooth.
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The Reeb foliation on a Sasaki-Einstein manifold (M, g) induces a line bundle F
on M . Then we regard the quotient bundle NF = TM/F as the subbundle of TM
which is orthogonal to F . A Φ-deformation f = {ft}t∈[0,1] of X is called a transverse
Φ-deformation of X if there exists a family {ht}t∈[0,1] of diffeomorphisms of X with
h0 = idX and
d
dt
ht|t=0 = 0 such that ddtft ◦ ht ∈ Γ(NF |Xt) for each t ∈ [0, 1]. We
consider transverse (ψIm, ωT )-deformations of a special Legendrian submanifold X
and denote by N TX the moduli space of transverse (ψIm, ωT )-deformations of X .
Theorem 1.2. The moduli space N TX is smooth at 0X and the tangent space T0XN TX
is isomorphic to H1(X).
Let (M, g) be a Sasaki manifold with an almost transverse Calabi-Yau structure
(ψ, 1
2
dη) such that dψ = κ
√−1 η ∧ ψ for a real constant κ. In the case κ = n + 1,
(M, g) is a Sasaki-Einstein manifold. The metric cone (C(M), g) is an almost Calabi-
Yau manifold which admits a holomorphic (n + 1)-form Ω and a Ka¨hler form ω
satisfying Ω ∧ Ω = r2(κ−n−1)cn+1ωn+1 on C(M). A special Lagrangian submanifold
in C(M) is defined by an (n+1)-dimensional submanifold where ΩIm and ω vanish.
We define a special Legendrian submanifold in M as an n-dimensional submanifold
X such that C(X) is a special Lagrangian submanifold in C(M). Then X is a special
Legendrian submanifold if and only if ι∗ψIm = 0 and ι∗η = 0 where ι is the inclusion
ι : X →֒ M . Let X be a special Legendrian submanifold and MX the moduli space
of special Legendrian deformations of X . Then we can extend Theorem 1.1 and
Theorem 1.2 in this case (see Theorem 5.17 and Theorem 5.18). We say that a
special Legendrian submanifold X is rigid if any special Legendrian deformation of
X is induced by the group Aut(η, ψ) of diffeomorphisms of M preserving η and ψ.
Theorem 1.3. The infinitesimal deformation space of X is isomorphic to the space
Ker(∆0 − 2κ). If κ = 0, then X is rigid and MX is a 1-dimensional manifold. If
κ < 0, then X does not have any non-trivial deformation and MX = {0X}.
A special Legendrian submanifold X is rigid if and only if the special Lagrangian
cone C(X) is rigid, that is, any deformation of C(X) is induced by the action
of the group Aut(Ω, ω, r) of diffeomorphisms of C(M) preserving Ω, ω and r. A
typical example of Sasaki-Einstein manifolds is the odd-dimensional unit sphere
S2n+1 with the standard metric, then the metric cone is the complex space Cn+1\{0}.
Joyce introduced the rigidity of special Lagrangian cones in Cn+1\{0} [7]. There
exist some rigid special Lagrangian cones in Cn+1\{0} and the corresponding rigid
special Legendrian submanifolds in S2n+1 [6, 8, 13]. Special Legendrian submanifolds
have also the aspect of minimal Legendrian submanifolds. We call that a minimal
Legendrian submanifold is rigid if any minimal Legendrian deformation of X is
induced by the group Aut(η, g) of diffeomorphisms of M preserving η and g. Hence
there exist two kinds of rigidity conditions for special Legendrian submanifolds. We
show that these conditions are equivalent :
Theorem 1.4. Let X be a special Legendrian submanifold. If κ > 0, then X is rigid
as a special Legendrian submanifold if and only if it is rigid as a minimal Legendrian
submanifold.
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This paper is organized as follows. In Section 2, we provide the Φ-deformation
theory of submanifolds in a general Riemannian manifold and a criterion for Φ-
deformations to be unobstructed (see Proposition 2.2). Moreover we see some typi-
cal examples of such Φ-deformations. In Section 3, we introduce almost transverse
Calabi-Yau structures and prove that any Sasaki-Einstein manifold is characterized
by such a structure. In Section 4, we show Theorem 1.1 and Theorem 1.2 (see The-
orem 4.8 and Theorem 4.9). In the last section, we introduce special Legendrian
submanifolds in Sasaki manifolds with almost transverse Calabi-Yau structures and
prove Theorem 1.3 (see Theorem 5.15) and a generalization of Theorem 1.1 and
Theorem 1.2 (see Theorem 5.17 and Theorem 5.18). We study minimal Legen-
drian deformations of special Legendrian submanifolds and show Theorem 1.4 (see
Theorem 5.23).
2 Deformations of submanifolds
In this section, we assume that (M, g) is a smooth Riemannian manifold. We provide
a criterion for the smoothness of moduli spaces of submanifolds and apply it to some
examples.
2.1 Smoothness of moduli spaces of Φ-deformations
Let X be a compact submanifold in M with an embedding ι : X →֒ M . We choose
a system Φ = (ϕ1, . . . , ϕm) ∈ Γ(⊕mi=1 ∧ki T ∗M) of smooth differential forms on M .
Suppose the pull-back ι∗Φ of Φ by ι : X →M vanishes :
ι∗Φ = (ι∗ϕ1, . . . , ι∗ϕm) = (0, . . . , 0)
We call an embedding f : X →֒ M is a Φ-deformation of X if there exists a
family {ft}t∈[0,1] of embeddings ft : X →֒ M with f0 = ι and f1 = f such that
f ∗t Φ = (0, . . . , 0) for each t ∈ [0, 1]. We assume that such a family {ft}t∈[0,1] is
normal, that is, d
dt
ft ∈ Γ(NXt) for each t ∈ [0, 1]. For simplicity, we write a
deformation f of X with the family {ft}t∈[0,1] by f = {ft}t∈[0,1]. We denote by
MX(Φ) the moduli space of Φ-deformations of X . It follows from the tubular
neighbourhood theorem that there exists a neighbourhood of X in M which is
identified with a neighbourhood U of the zero section of NX by the exponential
map. We define V1 and V2 as the vector spaces
V1 = Γ(NX),
V2 = Γ(⊕mi=1 ∧ki T ∗X)
of all smooth sections of NX and ⊕mi=1 ∧ki T ∗X , respectively. We denote by U the
set {v ∈ V1 | vx ∈ U , x ∈ X} :
U = {v ∈ V1 | vx ∈ U , x ∈ X}. (1)
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The exponential map induces the embedding expv : X →֒ M for each v ∈ U . Then
we define the map F : U → V2 by
F (v) = exp∗v Φ = (exp
∗
v ϕ1, . . . , exp
∗
v ϕm)
for any v ∈ U . We can consider X as an element of MX(Φ) since ι : X → M can
be the trivial deformation of X . Hence we denote by 0X the element X of MX(Φ).
If the inverse image F−1(0) of the origin of V2 is smooth at 0X , then F−1(0) is
identified with a neighbourhood of 0X in MX(Φ) in the C1 sense. Let D1 be the
linearization of F at 0 :
D1 = d0F : V1 → V2.
Then the infinitesimal deformation space of X is given by KerD1. Let D
∗
1 be the
formal adjoint operator of D1.
Lemma 2.1. The equation D∗1 ◦ F (v) = 0 is a partial differential equation whose
order is at most two, and quasi-linear if the order is two.
Proof. We assume that the dimension of X is n and the rank of NX is ℓ. Let UX
be an open set in X and (x1, . . . , xn) a coordinate of UX . Taking a local frame
{v1, . . . , vℓ} of NX over UX , then we have a trivialization UX × Rℓ of NX|UX by
the correspondence of (x, y1, . . . , yℓ) ∈ UX × Rℓ to
∑ℓ
j=1 yjvj(x) ∈ NX|UX . By the
exponential map, the tubular neighbourhood U ∩NX|UX of NX|UX is isomorphic to
an open set UM inM , and (UM , x1, . . . , xn, y1, . . . , yℓ) is a local coordinate ofM . Let
v be an element of the set U of (1). If v is expressed by v =
∑ℓ
j=1 fjvj on UX , then
exp∗v dxi = dxi and exp
∗
v dyj =
∑n
i=1
∂fj
∂xi
dxi on UX for each i = 1, . . . , n, j = 1, . . . , ℓ.
Since any differential form on M is generated by wedge products of dxi and dyj on
UM , the equation F (v) = exp
∗
v Φ = 0 is a partial differential equation whose order
is at most one. Hence the order of the equation D∗1 ◦ F (v) = 0 is at most two. The
first order term of F (v) = 0 may contain
(
∂f1
∂x1
)m11(
∂f1
∂x2
)m12 · · · ( ∂fℓ
∂xn
)mℓn (2)
for integers m11, m12, . . . , mℓn with mij = 0 or 1 such that 0 ≤ m1i+ · · ·+mℓi ≤ 1 for
each i. If the order of D∗1 ◦F (v) = 0 is two, then the second order term is generated
by the partial derivative of (2), and hence D∗1 ◦ F (v) = 0 is quasi-linear.
We fix an integer s ≥ 3 and a real number α with 0 < α < 1. Then we set the
Banach spaces
V s,α1 = C
s,α(NX),
V s−1,α2 = C
s−1,α(⊕mi=1 ∧ki T ∗X)
with respect to the Ho¨lder norm ‖ · ‖Cs,α induced by the Riemannian metric ι∗g on
X . We define Us,α as the set {v ∈ V s,α1 | vx ∈ U , x ∈ X}. Then we can extend the
map F to the smooth map F s,α : Us,α → V s−1,α2 . We define Ds,α1 as the linearization
d0F
s,α of F s,α. LetMs,αX (Φ) denote the moduli space of Φ-deformations of Cs,α-class.
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Proposition 2.2. Suppose that there exist a vector space V3 of smooth sections of
a vector bundle E on X and a differential operator D2 with the differential complex
0→ V1 D1−→ V2 D2−→ V3 → 0.
Let D∗2 be a formal adjoint operator of D2. If P2 = D1 ◦D∗1 +D∗2 ◦D2 is elliptic and
Im(F ) ⊂ Im(D1), then the moduli space Ms,αX (Φ) is smooth at 0X and the tangent
space T0XMs,αX (Φ) is given by KerDs,α1 . Moreover, if P1 = D∗1 ◦D1 is also elliptic,
then the moduli space MX(Φ) is smooth at 0X and the tangent space T0XMX(Φ) is
given by Ker(D1).
Proof. If P2 is elliptic, then the map D
s,α
1 : V
s,α
1 → V s−1,α2 has a closed image
Im(Ds,α1 ) and there exists a right inverse of the map D
s,α
1 : V
s,α
1 → Im(Ds,α1 ). It
follows from the assumption Im(F ) ⊂ Im(D1) that Im(F s,α) ⊂ Im(Ds,α1 ). Then we
obtain the smooth map F s,α : Us,α → Im(Ds,α1 ) such that the derivative d0F : V s,α1 →
Im(Ds,α1 ) has the right inverse D
∗
1◦G where G is Green’s operator of P2. The implicit
function theorem implies that there exist a neighbourhood W of 0 in Ker(Ds,α1 ) and
a smooth map ϕ : W → W⊥ where W⊥ is the orthogonal complement of W in V s,α1
such that ϕ(0) = 0 and F (u, ϕ(u)) = 0. Hence, (F s,α)−1(0) has a manifold structure
at 0X whose tangent space is Ker(D
s,α
1 ). Moreover, if P1 is elliptic, then Ker(D
s,α
1 )
coincides with the finite dimensional vector space Ker(D1) by the elliptic regularity
method. We will show that the map ϕ provides a manifold structure of F−1(0) at
0X . If we take the Taylor expansion
F (v) = D1(v) +R(v) (3)
of F at 0 for v ∈ V s,α1 where R(v) is the higher term with respect to v, then D∗1◦F (v)
is given by
D∗1 ◦ F (v) = P1(v) +D∗1(R(v))
and
D∗1(R(v))
‖v‖ → 0 as v → 0 in V s,α1 . Hence D∗1 ◦ F (v) = 0 is a second order elliptic
partial differential equation for any sufficiently small v ∈ V s,α1 . It follows form
Lemma 2.1 that D∗1 ◦F (v) = 0 is quasi-linear elliptic, and the solution v is C∞-class
by Morrey’s elliptic regularity results [12]. Now an element (u, ϕ(u)) of V s,α1 for
u ∈ W is a solution of D∗1 ◦ F (v) = 0. Hence there exists a sufficiently small ε > 0
such that ϕ(u) is C∞-class for any u ∈ W with ‖u‖Cs,α < ε since D
∗
1(R(u,ϕ(u)))
‖u‖ → 0 as
u→ 0 in W . Thus the map ϕ provides a manifold structure of F−1(0) at 0X whose
tangent space is Ker(D1), and we finish the proof.
Remark 2.3. Under the assumption that P2 is elliptic and Im(F ) ⊂ Ker(D2), we
take the Taylor expansion of F (v) as in (3), and define the map Θ : V1 → V1 by
Θ(v) = v +D∗1 ◦G(R(v))
for v ∈ V1. Then, the condition F (v) = 0 is equivalent to D1 ◦ Θ(v) = 0 and
H2(R(v)) = 0 where H2(R(v)) means the harmonic part of R(v) with respect to P2.
The map Θ is so called Kuranishi map, and we can consider Im(F ) ⊂ Im(D1) as
the integrability condition since Im(F ) ⊂ Im(D1) is equivalent to H2(R(v)) = 0.
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2.2 Examples of Φ-deformations
In this section, we see some examples of Φ-deformations and the moduli spaces.
Let X be a submanifold in M . We denote by ∧k the vector space of all smooth
differential k-forms on X .
2.2.1 Special Lagrangian submanifolds in Calabi-Yau manifolds
We assume that (M,Ω, ω) is a Calabi-Yau manifold of dimension 2n where (Ω, ω) is
a Calabi-Yau structure on M , that is, Ω is a holomorphic n-form and ω is a Ka¨hler
form satisfying the equation Ω∧Ω = cnωn for cn = 1n!(−1)
(n−1)n
2 ( 2√−1)
n. We call X a
special Lagrangian submanifold inM if X is the calibrated submanifold with respect
to the real part ΩRe of Ω. It is well known that X is a special Lagrangian subman-
ifold if and only if X is an n-dimensional submanifold such that ι∗ΩIm = ι∗ω = 0
where ι is the inclusion ι : X →֒ M . Hence special Lagrangian deformations are
(ΩIm, ω)-deformations and the moduli spaceMX of special Lagrangian deformations
is MX(ΩIm, ω). The following result is provided by McLean :
Proposition 2.4. (Theorem 3.6 [10]) Let X be a compact special Lagrangian sub-
manifold in M . Then MX is a smooth manifold of dimension dim(H1(X)).
Proof. We take the set U as in (1) and define the map F : U → ∧0 ⊕ ∧2 by
F (v) = (∗ exp∗v ΩIm, exp∗v ω)
for v ∈ U where ∗ means the Hodge star operator with respect to the metric ι∗g
on X . Then we can regard F−1(0) as a set of special Lagrangian submanifolds in
M which is near X in C1 topology. To see the infinitesimal deformation of X , we
consider the linearization d0F of F at the origin 0 ∈ U . It follows that
d0F (v) = (∗ι∗Lv˜ΩIm, ι∗Lv˜ω)
= (∗dι∗(iv˜ΩIm), dι∗(iv˜ω))
= (d∗ι∗(iv˜ω), dι∗(iv˜ω))
for v ∈ U where v˜ is an extension of v to M . In the last equation, we use that
ι∗(iv˜ΩIm) = − ∗ ι∗(iv˜ω). We remark that the differential form ι∗(iv˜ω) = ivω on X is
independent of any extension of v. Under the identification Γ(NX) ≃ ∧1 given by
v 7→ ivω, we identify d0F with the map D1 : ∧1 → ∧0 ⊕ ∧2 defined by
D1(α) = (d
∗α, dα)
for α ∈ ∧1. Then it turns out that
Ker(D1) = {α ∈ ∧1 | d∗α = dα = 0} = H1(X)
where Hk(X) means the set of harmonic k-forms on X . We provide the differential
complex
0→ ∧1 D1−→ ∧0 ⊕ ∧2 D2−→ ∧3 → 0
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where the operator D2 is given by
D2(f, β) = dβ
for (f, β) ∈ ∧0 ⊕ ∧2. Since the dual operators D∗1 and D∗2 are given by D∗1(f, β) =
df + d∗β and D∗2(γ) = (0, d
∗γ), we have
P1(α) = ∆1α,
P2(f, β) = (∆0f,∆2β)
where ∆i is the ordinary Laplace operator on ∧i for i = 0, 1 and 2. Thus P1 and
P2 are elliptic. The image Im(F ) of the map F is included in d
∗ ∧1 ⊕d∧1 since
[f ∗t Ω
Im] = [ι∗ΩIm] = 0 and [f ∗t ω] = [ι
∗ω] = 0. It is clear that d∗ ∧1 ⊕d∧1 is
perpendicular to KerP2 = H0(X) ⊕ H2(X) and Im(D∗2) = {0} ⊕ d∗∧3. Therefore
Im(F ) is also perpendicular to KerP2⊕ Im(D∗2) and we obtain Im(F ) ⊂ Im(D1) by
the Hodge decomposition ∧0 ⊕ ∧2 = KerP2 ⊕ Im(D1) ⊕ Im(D∗2). It follows from
Proposition 2.2 thatMX is smooth at 0X . We can show thatMX is smooth at any
point by repeating the argument for each special Lagrangian submanifold. Hence
we finish the proof.
2.2.2 Coassociative submanifolds in G2 manifolds
We assume that (M, g, ϕ) is a G2 manifold where ϕ is an associative 3-form on M .
We call X a coassociative submanifold in M if X is calibrated submanifold with
respect to the Hodge dual ∗ϕ of ϕ where ∗ is the Hodge star operator with respect
to the metric g on M . An n-dimensional submanifold ι : X →֒ M is a coasso-
ciative submanifold if and only if ι∗ϕ = 0. Hence coassociative deformations are
ϕ-deformations and the moduli space MX of coassociative deformations isMX(ϕ).
Proposition 2.5. (Theorem 4.5. [10]) Let X be a compact coassociative submani-
fold in M . Then MX is a smooth manifold of dimension dim(H2−(X)).
Proof. We take the set U as in (1) and define the map F : U → ∧3 by
F (v) = exp∗v ϕ
for v ∈ U , then we can regard F−1(0) as a set of coassociative submanifolds in
M which is near to X . To see the first order deformation of X , we consider the
linearization d0F of F at the origin 0 ∈ U . It follows that for v ∈ U
d0F (v) = ι
∗Lv˜ϕ = dι∗(iv˜ϕ)
where v˜ is an extension of v to M . Let ∧2− be the set of anti-self dual 2-forms on
X . Under the identification Γ(NX) ≃ ∧2− given by v 7→ ivϕ, we can consider d0F
as the map D1 : ∧2− → ∧3 given by
D1(α) = dα
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for α ∈ ∧2−. Then it turns out that
Ker(D1) = {α ∈ ∧2− | dα = 0} = H2−(X)
where H2−(X) is the set of harmonic anti-self dual 2-forms on X . Now we provide a
complex as follows
0→ ∧2− D1−→ ∧3 D2−→ ∧4 → 0 (♯)
where the operator D2 is given by
D2(β) = dβ
for β ∈ ∧3. It is easy to see that
P1(α) = d
∗dα,
P2(β) = (d(d
∗)− + d∗d)β
where (d∗)− is the composition p− ◦ d∗ of d∗ and the projection p : ∧2 → ∧2−. The
complex (♯) is isomorphic to the elliptic complex
0→ ∧2− d
∗−→ ∧1 d∗−→ ∧0 → 0
by the Hodge star operator with respect to the metric ι∗g on X . Hence the operators
P1 and P2 are elliptic. It follows that the image Im(F ) is included in Im(D1) = d∧2−
from f ∗t ϕ ∈ d∧2 and d∧2 = d∧2−. Proposition 2.2 implies that MX is smooth at
0X . We can show that MX is smooth at any element by repeating the argument
for each coassociative submanifold. Hence we finish the proof.
2.2.3 Special Legendrian submanifolds in contact Calabi-Yau manifolds
Let M be a (2n + 1)-dimensional manifold. A pair (ψ, η) of two differential forms
is called a contact Calabi-Yau structure on M if η is a contact 1-form and ψ is a
d-closed complex valued n-form on M such that (ψ, 1
2
dη) is an almost transverse
Calabi-Yau structure with respect to the Reeb foliation (we refer to Section 3.2 for
the definition of almost transverse Calabi-Yau structures). On a contact Calabi-Yau
manifold (M,ψ, η), a calibrated submanifold X with respect to the calibration ψRe
is called a special Legendrian submanifold. Then X is a special Legendrian sub-
manifold if and only if ι∗ψIm = ι∗η = 0. Hence special Legendrian deformations are
(ψIm, η)-deformations and the moduli spaceMX of special Legendrian deformations
is MX(ψIm, η). Tomassini and Vezzoni showed the following result :
Proposition 2.6. (Theorem 4.5. [19]) Let X be a compact special Legendrian sub-
manifold in M . Then MX is a smooth manifold of dimension dim(H0(X)).
Proof. We remark the moduli space MX is MX(ψIm, η, 12dη) since ι∗η = 0 is equal
to ι∗η = ι∗(1
2
dη) = 0. We take the set U as in (1) and define the map F : U →
∧0 ⊕ ∧1 ⊕ ∧2 by
F (v) = (∗ exp∗v ψIm, exp∗v η, exp∗v
1
2
dη)
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for v ∈ U , then we can regard F−1(0) as a set of special Legendrian submanifolds
in M which is near X . It follows that for v ∈ U
d0F (v) = (∗ι∗Lv˜ψIm, ι∗Lv˜η, 1
2
ι∗Lv˜dη)
= (∗dι∗(iv˜ψIm), dι∗(iv˜η + iv˜dη), 1
2
dι∗(iv˜dη))
= (
1
2
d∗ι∗(iv˜dη), dι∗(iv˜η) + ι∗(iv˜dη),
1
2
dι∗(iv˜dη))
where v˜ is an extension of v toM . In the last equation, we use that ι∗(iv˜ψIm) = −12 ∗
ι∗(iv˜dη). There exists the identification Γ(NX) ≃ ∧0⊕∧1 given by v 7→ (ivη, 12ivdη).
Under the above identification, we can consider d0F as the map D1 : ∧0 ⊕ ∧1 →
∧0 ⊕ ∧1 ⊕ ∧2 given by
D1(f, α) = (d
∗α, df + 2α, dα)
for (f, α) ∈ ∧0 ⊕ ∧1. Then it turns out that
Ker(D1) = {(f, α) ∈ ∧0 ⊕ ∧1 | d∗α = df + 2α = 0}
= {(f,−1
2
df) ∈ ∧0 ⊕ ∧1 | ∆0f = 0}
= {(f, 0) ∈ ∧0 ⊕ ∧1 | f ∈ H0(X)} ≃ H0(X).
Now we provide a complex as follows
0→ ∧0 ⊕ ∧1 D1−→ ∧0 ⊕ ∧1 ⊕ ∧2 D2−→ ∧2 ⊕ ∧3 → 0
where the operator D2 is given by
D2(f, α, β) = (dα− 2β, dβ)
for (f, α, β) ∈ ∧0⊕∧1⊕∧2. Since D∗1(f, α, β) = (d∗α, df+2α+d∗β) and D∗2(β, γ) =
(0, d∗β,−2β + d∗γ), we have
P1(f, α) = (∆0f + 2d
∗α, (∆1 + 4)α+ 2df),
P2(f, α, β) = (∆0f + 2d
∗α, (∆1 + 4)α+ 2df, (∆2 + 4)β).
Hence P1 and P2 are elliptic. The image Im(F ) of the map F is included in
{(d∗h, α, 1
2
dα) ∈ ∧0 ⊕ ∧1 ⊕ ∧2 | h ∈ ∧0, α ∈ ∧1}
which is perpendicular to the kernel
KerD∗1 = {(f,−
1
2
d∗β, β) ∈ ∧0 ⊕ ∧1 ⊕ ∧2 | f ∈ H0(X)}
of the operator D∗1. It follows from KerD
∗
1 = KerP2 ⊕ Im(D∗2) that Im(F ) ⊥
KerP2 ⊕ Im(D∗2). Hence we obtain Im(F ) ⊂ Im(D1) by the Hodge decomposition
∧0 ⊕ ∧2 = KerP2 ⊕ Im(D1)⊕ Im(D∗2). It follows from Proposition 2.2 that MX is
smooth at 0X . We can show thatMX is smooth by repeating the argument for any
special Legendrian submanifold. Hence we finish the proof.
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2.2.4 Legendrian submanifolds in contact manifolds
Let (M, η) be a (2n + 1)-dimensional contact manifold with a contact 1-form η. A
Legendrian submanifold is defined by a submanifold ι : X →֒ M such that ι∗η = 0.
Hence the space MX(η) is the moduli space MX of Legendrian deformations of
X . The following result is well known as a consequence of the Darboux-Weinstein’s
neighborhood theorem for Legendrian submanifolds in contact geometry.
Proposition 2.7. Let X be a compact Legendrian submanifold in M . ThenMs,αX is
a smooth manifold. The tangent space T0Ms,αX is isomorphic to the graph {(f, df) ∈
Cs,α(∧0 ⊕ ∧1)} of the exterior derivative d.
Proof. We remark thatMX =MX(η, 12dη) since ι∗η = 0 is equal to ι∗η = ι∗ 12dη = 0.
We take the set U as in (1) and define the map F : U → ∧1 ⊕ ∧2 by
F (v) = (exp∗v η,
1
2
exp∗v dη)
for v ∈ U . It follows that
d0F (v) = (dι
∗(iv˜η) + ι∗(iv˜dη),
1
2
dι∗(iv˜dη))
for v ∈ U where v˜ is an extension of v toM . Under the identification Γ(NX) ≃ ∧0⊕
∧1 given by v 7→ (ivη, 12ivdη), we identify d0F with the map D1 : ∧0⊕∧1 → ∧1⊕∧2
defined by
D1(f, α) = (df + 2α, dα)
for (f, α) ∈ ∧0 ⊕ ∧1. Then it turns out that
Ker(D1) = {(f, α) ∈ ∧0 ⊕ ∧1 | df + 2α = 0}
= {(f,−1
2
df) ∈ ∧0 ⊕ ∧1}.
Now we provide a complex as follows
0→ ∧0 ⊕ ∧1 D1−→ ∧1 ⊕ ∧2 D2−→ ∧2 ⊕ ∧3 → 0
where the operator D2 is given by
D2(α, β) = (dα− 2β, dβ)
for (α, β) ∈ ∧1 ⊕ ∧2. It is easy to see that
P1(f, α) = (∆0f + 2d
∗α, (dd∗ + 2)α+ df),
P2(α, β) = ((∆0 + 4)α, (∆2 + 4)β).
Hence P2 is the elliptic operator with KerP2 = {0} ⊕ {0}. The space Im(F ) is
perpendicular to Im(D∗2) since Im(F ) ⊂ Ker (D2). Hence we obtain Im(F ) ⊂ Im(D1)
by the Hodge decomposition ∧0 ⊕ ∧1 = Im(D1)⊕ Im(D∗2). Proposition 2.2 implies
that Ms,αX is smooth at 0X with the tangent space Ker(Ds,α1 ). We can show that
Ms,αX is smooth by repeating the argument for any Legendrian submanifold. Hence
we finish the proof.
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3 Sasaki-Einstein manifolds
In this section, we assume that (M, g) is a smooth Riemannian manifold of dimension
2n+ 1.
3.1 Transverse differential forms
Let F be a foliation on M of codimension 2n and F the vector bundle induced by
the foliation F . A differential form ϕ on M is called transverse if
ivϕ = 0
for any v ∈ Γ(F ). We denote by ∧kT the vector space of transverse differential k-
forms on the foliated manifold (M,F). A transverse k-form can be considered as
the section of ∧kQ∗ where Q is the quotient bundle TM/F . A differential form ϕ
on M is called basic if
ivϕ = 0, Lvϕ = 0
for any v ∈ Γ(F ). Let ∧kB be the vector space of basic differential k-forms on (M,F).
It is easy to see that for a basic form ϕ the derivative dϕ is also basic. Thus the
exterior derivative d induces the operator
dB = d|∧k
B
: ∧kB → ∧k+1B
by the restriction. The corresponding complex (∧∗B, dB) associates the cohomology
group H∗B(M) which is called the basic de Rham cohomology group. In general,
the derivative dϕ of a transverse form ϕ is not necessarily transverse. In fact, a
transverse form ϕ is basic if dϕ is transverse. On the space ∧kT , there exists an
orthogonal decomposition d∧kT = ∧k+1T ⊕ ∧kT ∧ F ∗ with respect to the metric g. Let
πT denote the first projection from ∧k+1T ⊕ ∧kT ∧ F ∗ to ∧k+1T . We define a map
dT : ∧kT → ∧k+1T
by the composition πT ◦ d|∧k
T
of πT and the restriction d|∧k
T
of d to ∧kT . Then
dTϕ = dBϕ for a basic form ϕ.
If there exists a complex structure J of Q, then we have a decomposition
∧kT = ⊕p+q=k∧p,qT
where ∧p,qT is the set of transverse (p, q)-forms on (M,F). Moreover, if J is a trans-
verse complex structure on (M,F) (see the next subsection for the definition), then
it gives rise to a decomposition ∧kB ⊗ C = ⊕p+q=k∧p,qB and operators
∂B : ∧p,qB → ∧p+1,qB ,
∂B : ∧p,qB → ∧p,q+1B
in the same manner as complex geometry. We denote by Hp,∗B (M) the cohomology of
the complex (∧p,∗B , ∂B) which is called the basic Dolbeault cohomology group. On the
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space ∧p,qT , we have an orthogonal decomposition d∧p,qT = ∧p+1,qT ⊕∧p,q+1T ⊕∧p,qT ∧F ∗
since ∧p,qT is locally generated by basic forms. We denote by π1,0T the first projection
from ∧p+1,qT ⊕ ∧p,q+1T ⊕ ∧p,qT ∧ F ∗ to ∧p+1,qT . Then we define a map
∂T : ∧p,qT → ∧p+1,qT
by the composition π1,0T ◦d|∧p,qT . In the same manner, we can define ∂T : ∧
p,q
T → ∧p,q+1T .
Then dT = ∂T + ∂T and ∂Tϕ = ∂Bϕ for a basic form ϕ.
3.2 Transverse complex structures
Let F be a foliation of codimension 2n onM . Then there exists a system {Ui, fi, γij}
consisting of an open covering {Ui}i∈Λ of M , submersions fi : Ui → Cn and diffeo-
morphisms γij : fi(Ui ∩ Uj) → fj(Ui ∩ Uj) for Ui ∩ Uj 6= φ satisfying fj = γij ◦ fi
such that any leaf of F is given by each fiber of fi. We denote by MT the transverse
manifold ⊔ifi(Ui). The foliation F is a transverse holomorphic foliation (resp. a
transverse Ka¨hler foliation) if there exist a system {Ui, fi, γij} and a complex struc-
ture Ji (resp. Ka¨hler structure (gi, Ji)) on each fi(Ui) such that γij is bi-holomorphic
(resp. preserving the Ka¨hler structure). Thus any transverse holomorphic foliation
F induces a complex structure JT = {Ji}i∈Λ on MT .
In order to characterize transverse structures on (M,F), we consider the quotient
bundle Q = TM/F where F is the line bundle associated by the foliation F . We
define an action of Γ(F ) to any section u of Q as follows :
Lvu = π(Lvu˜)
for v ∈ Γ(F ) where π is the quotient map TM → Q and u˜ ∈ Γ(TM) is a lift of u
by π. We remark that Lvu is independent of the choice of the lift u˜ ∈ Γ(TM) of u.
The section u of Γ(Q) is called basic if Lvu = 0 for any v ∈ Γ(F ). We denote by
ΓB(Q) the set of basic sections of Γ(Q). The vector field u˜ on M is called foliated if
Lvu ∈ Γ(F ) for any v ∈ Γ(F ). Let ΓF (TM) denote the set of foliated vector fields
on M . Then there exists the exact sequence
0→ Γ(F ) ι−→ ΓF (TM) π−→ ΓB(Q)→ 0
where ι is the natural inclusion. In fact, any basic section u of Γ(Q) has a lift u˜
by π which is a foliated vector field. We can also define an action of Γ(F ) to any
section J ∈ Γ(End(Q)) as follows :
(LvJ)(u) = Lv(J(u))− J(Lvu)
for v ∈ Γ(F ) and u ∈ Γ(Q). A section J ∈ Γ(End(Q)) is called basic if LvJ = 0
for any v ∈ Γ(F ). If J is a complex structure of Q, i.e. J2 = −idQ, and basic as a
section of End(Q), then a tensor NJ ∈ Γ(⊗2Q∗ ⊗Q) can be defined by
NJ(u, w) = [J˜u, J˜w]Q − [u˜, w˜]Q − J [u˜, J˜w]Q − J [J˜u, w˜]Q
for u, w ∈ Γ(Q), where [u, w]Q denotes π[u˜, w˜] for each lift u˜ and w˜. We call that J
is integrable if NJ = 0.
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Definition 3.1. A complex structure J of Q is a transverse complex structure on
(M,F) if J is basic and integrable.
Any transverse holomorphic foliation F induces a transverse complex structure.
Lemma 3.2. If F is a transverse holomorphic foliation, then there exists a trans-
verse complex structure JF on (M,F).
Proof. We can extend a vector field uT on MT to a foliated vector field ui on each
Ui such that dfi(ui) = u
T since Ui is diffeomorphic to fi(Ui) × Vi where Vi is an
open subset of R. Then {π(ui)}i defines the section of Q and it is basic. Hence we
obtain the map σ : Γ(TMT )→ ΓB(Q) by σ(uT ) = {π(ui)}i. On the other hand, for
any u ∈ ΓB(Q) the family {dfi(u)}i defines the vector field over MT where dfi(u)
is defined by dfi(u˜) for a lift u˜ of u. We define the map df : ΓB(Q) → Γ(TMT ) as
df(u) = {dfi(u)}i. Then df is the inverse map of σ and hence ΓB(Q) is isomorphic
to Γ(TMT ). For the complex structure JT on MT , we can define a section JF of
End(Q) as
JF(u) = σ(JT (df(u)))
for u ∈ ΓB(Q). This section JF is well-defined since any section of Q is locally
generated by basic sections. Then JF is a complex structure of Q and basic since
JF(u) = σ(JTuT ) is basic for any u ∈ ΓB(Q). The tensor NJF satisfies that
NJF (u, w) = σ(NJT (df(u), df(v))) = 0
for u, w ∈ ΓB(Q). It implies that NJF = 0. Hence a transversely holomorphic
foliation F induces the transverse complex structure JF on (M,F).
The following result is Newlander-Nirenberg’s theorem for a transverse complex
structure on a foliated manifold :
Proposition 3.3. Let J be a complex structure of Q. Then the following conditions
are equivalent.
(i) J is a transverse complex structure on (M,F).
(ii) F is a transversely holomorphic foliation with JF = J .
(iii) J is basic and satisfies d(∧1,0B ) ⊂ ∧2,0B ⊕ ∧1,1B .
(iv) J is basic and satisfies d(∧0,1B ) ⊂ ∧1,1B ⊕ ∧0,2B .
Proof. A basic complex structure J of Q corresponds to an almost complex structure
onMT , and so ∧p,qB is isomorphic to ∧p+qMT . Hence the conditions (ii), (iii) and (iv) are
equivalent by Newlander-Nirenberg’s theorem for the complex manifold (MT , JT ).
We already checked that the condition (ii) implies (i). Hence it suffices to show that
the condition (i) implies (ii). If J is a transverse complex structure on (M,F), then
the section J(σ(uT )) of Q is basic for any uT ∈ Γ(TMT ). Hence we can define the
section JT of End(TMT ) as
JT (uT ) = df(J(σ(uT )))
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for uT ∈ Γ(TMT ). The section JT is an almost complex structure on MT . Let NJT
be the Nijenhuis tensor of JT . Then we obtain
NJT (u
T , vT ) = df(NJ(σ(u
T ), σ(vT ))) = 0
for any uT , vT ∈ Γ(TMT ). Hence JT is the complex structure on MT . Then the
foliation F is transversely holomorphic and JF = J by the definition of JF . It
completes the proof.
Definition 3.4. A nowhere vanishing complex n-form ψ ∈ Γ(∧nT ∗M ⊗C) is called
an almost transverse SLn(C) structure on (M,F) if ψ is transverse and
Q⊗ C = KerC ψ/F ⊕KerC ψ/F
where KerC ψ/F is the set {u ∈ Q⊗ C | iuψ = 0}.
An almost transverse SLn(C) structure ψ induces a complex structure Jψ of Q
as follows
Jψ(u) =
{ −√−1u for u ∈ KerC ψ/F,√−1u for u ∈ KerC ψ/F .
Then Q0,1 = KerC ψ/F and Q
1,0 = KerC ψ/F . Therefore ψ is a transverse (n, 0)-
form on (M,F). Note that the section Jψ ∈ End(Q) is not necessarily integrable.
However we have
Proposition 3.5. If ψ satisfies dψ = A ∧ ψ for a complex valued 1-form A, then
Jψ is basic and integrable.
Proof. At first, we show that Jψ is basic, that is, LvJψ = 0 for v ∈ Γ(F ). Let u be
a section of KerC ψ/F . Then Lvu is also the section of KerC ψ/F since
ψ(Lvu) = Lv(ψ(u))− (Lvψ)(u)
= −(ivdψ)(u)
= −iv(A ∧ ψ)(u)
= −(ivA)ψ(u) + (A ∧ ivψ)(u)
= 0.
It yields that
(LvJψ)u = Lv(Jψ(u))− Jψ(Lvu) = Lv(−
√−1u)− (−√−1Lvu) = 0
for any u ∈ Γ(KerC ψ/F ). In the same manner, we can prove (LvJψ)u = 0 for any
u ∈ Γ(KerC ψ/F ). Thus LvJψ = 0 for any v ∈ Γ(F ), and hence Jψ is basic.
Secondary, we see that Jψ is integrable. It suffices to show that d∧1,0B ⊂ ∧1,1B ⊕∧2,0B
by Proposition 3.3. Let α be an element of ∧1,0B . Then α ∧ ψ = 0 since ψ is the
transverse (n, 0)-form. Then the derivative dα does not have the basic (0, 2)-part.
In fact, dα ∧ ψ = d(α ∧ ψ) + α ∧ dψ = α ∧ A ∧ ψ = 0 since α ∧ ψ = 0. Therefore
d∧1,0B ⊂ ∧1,1B ⊕ ∧2,0B . Hence Jψ is integrable, and we finish the proof.
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If a transverse 2-form ωT on M satisfies (ωT )n 6= 0, then we call the form ωT an
almost transverse symplectic structure on (M,F). We can consider the form ωT as
a tensor of ∧2Q∗.
Definition 3.6. Let ψ be an almost transverse SL(n,C) structure and ωT an al-
most transverse symplectic structure on (M,F). The pair (ψ, ωT ) is called an almost
transverse Calabi-Yau structure on (M,F) if ψ and ωT satisfy the following equa-
tions
ψ ∧ ωT = ψ ∧ ωT = 0,
ψ ∧ ψ = cn(ωT )n,
gT = ωT (·, Jψ·)
where cn =
1
n!
(−1)n(n−1)2 ( 2√−1)n.
If an almost transverse symplectic structure ωT is d-closed onM , then ωT is called
a transverse symplectic structure on (M,F). A pair (ωT , J) is called a transverse
Ka¨hler structure on (M,F) if ωT (·, J ·) is a positive definite symmetric 2-tensor of
Q, and then ωT (J ·, J ·) = ωT (·, ·) holds. Then we define a fiber metric gT of Q
by gT (·, ·) = ωT (·, J ·) and call it a transverse Ka¨hler metric on (M,F). In [11],
we introduced a transverse Calabi-Yau structure on (M,F) as an almost transverse
Calabi-Yau structure (ψ, ωT ) such that ψ and ωT are d-closed.
3.3 Sasaki structures
We will give a brief review of some elementary results in Sasakian geometry. For
much of this material, we refer to [1] and [16].
Definition 3.7. A Riemannian manifold (M, g) is a Sasaki manifold if the metric
cone (C(M), g) = (R>0×M, dr2+r2g) is a Ka¨hler manifold with a complex structure
I.
We identify the manifold M with the hypersurface {r = 1} of C(M). Let I
and ω denote the complex structure and the Ka¨hler form on the Ka¨hler manifold
(C(M), g), respectively. The vector field r ∂
∂r
is called the Euler vector field on C(M).
We define a vector field ξ and a 1-form η on C(M) by
ξ = I(r
∂
∂r
), η(X) =
1
r2
g(ξ,X)
for any vector field X on C(M). The vector field ξ is a Killing vector field, i.e.
Lξg = 0, and ξ +
√−1 Iξ = ξ −√−1 r ∂
∂r
is a holomorphic vector field on C(M). It
follows from Lξη = ILr ∂
∂r
η = 0 that
η(ξ) = 1, iξdη = 0 (4)
where iξ means the interior product relative to ξ. The form η is expressed as
η = dc log r =
√−1 (∂ − ∂) log r
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where dc is the composition −I ◦ d of the exterior differentiation d and the action
of the complex structure −I on differential forms. We define an action λ of R>0 on
C(M) by
λa(r, x) = (ar, x)
for a ∈ R>0 and (r, x) ∈ R>0 ×M = C(M). If we put a = et for t ∈ R, then it
follows from Lr ∂
∂r
= d
dt
λ∗et |t=0 that {λet}t∈R is one parameter group of transformations
such that r ∂
∂r
is the infinitesimal transformation. Then the Ka¨hler form ω satisfies
λ∗aω = a
2ω for a ∈ R>0 and
Lr ∂
∂r
ω = 2ω.
It implies that
ω =
1
2
d(r2η) =
√−1
2
∂∂r2.
Hence 1
2
r2 is a Ka¨hler potential on C(M).
The 1-form η induces the restriction η|M on M ⊂ C(M). Since Lr ∂
∂r
η = 0,
the form η is the extension of η|M to C(M). The vector field ξ is tangent to the
hypersurface {r = c} for each positive constant c. In particular, ξ is considered as
the vector field on M and satisfies g(ξ, ξ) = 1 and Lξg = 0. Hence we shall not
distinguish between (η, ξ) on C(M) and the restriction (η|M , ξ|M) on M . Then the
form η is a contact 1-form on M :
η ∧ (dη)n 6= 0
since ω is non-degenerate. The equation (4) implies that
η(ξ) = 1, iξdη = 0 (5)
on M . For a contact form η, a vector field ξ on M satisfying the equation (5) is
unique, and called the Reeb vector field. We define the contact subbundle D ⊂ TM
by D = ker η. Then the tangent bundle TM has the orthogonal decomposition
TM = D ⊕ 〈ξ〉
where 〈ξ〉 is the line bundle generated by ξ. We define a section Ψ of End(TM) by
setting Ψ|D = I|D and Ψ|〈ξ〉 = 0. One can see that
Ψ2 = −id + ξ ⊗ η, (6)
dη(ΨX,ΨY ) = dη(X, Y ) (7)
for any X, Y ∈ TM . Then the Riemannian metric g satisfies
g(X, Y ) =
1
2
dη(X,ΨY ) + η(X)η(Y ) (8)
for any X, Y ∈ TM . We denote by ωT the 2-form 1
2
dη on M . Then ωT is a
symplectic structure on D which is compatible with Ψ.
18 T. Moriyama
We say a data (ξ, η,Ψ, g) a contact metric structure onM if for a contact form η
and a Reeb vector field ξ, a section Ψ of End(TM) and a Riemannian metric g satisfy
the equations (6), (7) and (8). Moreover, a contact metric structure (ξ, η,Ψ, g) is
called a K-contact structure on M if ξ is a Killing vector field with respect to g.
Then Ψ defines an almost CR structure (D,Ψ|D) on M . As we saw above, any
Sasaki manifold (M, g) has a K-contact structure (ξ, η,Ψ, g) with the integrable CR
structure (D,Ψ|D = I|D) on M . Conversely, if we have such a structure (ξ, η,Ψ, g)
on M , then (g, 1
2
d(r2η)) is a Ka¨hler structure on the cone C(M), hence (M, g) is a
Sasaki manifold. We call a K-contact structure (ξ, η,Ψ, g) with the integrable CR
structure (D,Ψ|D) a Sasaki structure on M .
3.4 The Reeb foliation
Let (ξ, η,Ψ, g) be a Sasaki structure on M . Then the Reeb vector field ξ generates
a foliation Fξ of codimension 2n on M . The foliation Fξ is called the Reeb foliation.
We can consider Ψ as a section of End(Q) since Ψ|〈ξ〉 = 0. Then Ψ is a transverse
complex structure on (M,Fξ) by the integrability of the CR structure Ψ|D. Let ωT
be the 2-form 1
2
dη on M . Then the pair (Ψ, ωT ) is a transverse Ka¨hler structure
with the transverse Ka¨hler metric gT (·, ·) = ωT (·,Ψ·) on (M,Fξ).
We define RicT as the Ricci tensor of gT which is called the transverse Ricci ten-
sor. The transverse Ricci form ρT is defined by ρT (·, ·) = RicT (·,Ψ·). The form ρT is
a basic d-closed (1, 1)-form on (M,Fξ) and defines a (1, 1)-basic Dolbeault cohomol-
ogy class [ρT ] ∈ H1,1B (M) as in the Ka¨hler case. The basic class [ 12πρT ] in H1,1B (M)
is called the basic first Chern class on (M,Fξ) and is denoted by cB1 (M) (for short,
we write it cB1 ). We say the basic first Chern class is positive (resp. negative) if c
B
1
(resp. −cB1 ) is represented by a transverse Ka¨hler form. This condition is expressed
by cB1 > 0 (resp. c
B
1 < 0). We say that (g
T , ωT ) is a transverse Ka¨hler-Einstein
structure with Einstein constant κ if (gT , ωT ) is the transverse Ka¨hler structure sat-
isfying RicT = κgT which is equivalent to ρT = κωT . If M admits such a structure,
then 2πcB1 = κ[ω
T ], so the basic first Chern class has to be positive, zero or negative
according to the sign of κ.
On the cone C(M), a foliation F〈ξ,r ∂
∂r
〉 is induced by the vector bundle 〈ξ, r ∂∂r 〉
generated by ξ and r ∂
∂r
. Let φ˜ be a basic form on (C(M),F〈ξ,r ∂
∂r
〉). Then the
restriction φ˜|M of φ˜ to M is also basic on (M,Fξ). Conversely, for any basic form
φ on (M,Fξ), the trivial extension φ˜ of φ to C(M) = R>0 × M is a basic form
on (C(M),F〈ξ,r ∂
∂r
〉). In this paper, we identify a basic form φ on (M,Fξ) with the
extension φ˜ on (C(M),F〈ξ,r ∂
∂r
〉).
3.5 Sasaki-Einstein structures and almost transverse Calabi-
Yau structures
In this section, we assume that M is compact. We provide the definition of Sasaki-
Einstein manifolds.
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Definition 3.8. A Sasaki manifold (M, g) is Sasaki-Einstein if the metric g is Ein-
stein.
Let (ξ, η,Ψ, g) be a Sasaki structure on M . Then the Ricci tensor Ric of g has
following relations :
Ric(u, ξ) = 2nη(u), u ∈ TM
Ric(u, v) = RicT (u, v)− 2g(u, v), u, v ∈ D
Thus the Einstein constant of a Sasaki-Einstein metric g must be 2n, that is, Ric =
2ng. It follows from the above equations that the Einstein condition Ric = 2ng is
equal to RicT = 2(n + 1)gT . Moreover, the cone metric g is Ricci-flat on C(M) if
and only if g is Einstein with the Einstein constant 2n on M (we refer to Lemma
11.1.5 in [1]). Hence we can characterize the Sasaki-Einstein condition as follows
Proposition 3.9. Let (M, g) be a Sasaki manifold of dimension 2n + 1. Then the
following conditions are equivalent each other.
(i) (M, g) is a Sasaki-Einstein manifold.
(ii) (C(M), g) is Ricci-flat, that is, Ricg = 0.
(iii) gT is transverse Ka¨hler-Einstein with RicT = 2(n + 1)gT . 
We remark that Sasaki-Einstein manifolds have finite fundamental groups by
Mayer’s theorem. From now on, we assume that M is simply connected.
Definition 3.10. A pair (Ω, ω) ∈ Γ(∧n+1T ∗C(M) ⊗ C ⊕ ∧2T ∗C(M)) is called a
weighted Calabi-Yau structure on C(M) if Ω is a holomorphic section of KC(M) and
ω is a Ka¨hler form satisfying the equation
Ω ∧ Ω = cn+1ωn+1 (9)
and
Lr ∂
∂r
Ω = (n+ 1)Ω,
Lr ∂
∂r
ω = 2ω.
If there exists a weighted Calabi-Yau structure (Ω, ω) on C(M), then it is unique
up to change Ω→ e
√−1 θΩ of a phase θ ∈ R.
Lemma 3.11. A Riemannian metric g on M is Sasaki-Einstein if and only if there
exists a weighted Calabi-Yau structure (Ω, ω) on C(M) such that g is the Ka¨hler
metric. 
We characterize a Sasaki-Einstein manifold by a pair of two differential forms on
the manifold.
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Proposition 3.12. The Riemannian manifold (M, g) is a Sasakian-Einstein man-
ifold if and only if there exist a contact 1-form η and a complex valued n-form ψ
such that (ψ, 1
2
dη) is an almost transverse Calabi-Yau structure on (M,F), where
F is the Reeb foliation induced by η, with
dψ = (n+ 1)
√−1 η ∧ ψ.
Proof. If (M, g) is a Sasakian-Einstein manifold, then there exits a weighted Calabi-
Yau structure (Ω, ω) on C(M) with the Ka¨hler metric g. Then the Ka¨hler form ω
is given by
ω = d(
1
2
r2η) = rdr ∧ η + r
2
2
dη.
We define ψ′ as the n-form
ψ′ = ir ∂
∂r
Ω
on C(M). Then ψ′ is a transversely (n, 0)-form on (C(M),F〈ξ,r ∂
∂r
〉) such that
Ω = (
dr
r
+
√−1η) ∧ ψ′ (10)
since ψ′ = ivΩ + ivΩ = ivΩ for the holomorphic vector field v = 12(r
∂
∂r
− √−1ξ).
The equation (10) implies that
dψ′ = Lr ∂
∂r
Ω = (n+ 1)Ω = (n + 1)(
dr
r
+
√−1η) ∧ ψ′. (11)
It is straightforward to
Ω ∧ Ω = 2(−1)n√−1 r−1dr ∧ η ∧ ψ′ ∧ ψ′,
ωn+1 = (n+ 1)rdr ∧ η ∧ (1
2
r2dη)n.
Hence it follows from the equation (9) that
ψ′ ∧ ψ′ = cnr2(n+1)(1
2
dη)n. (12)
Moreover, we obtain
ψ′ ∧ dη = −2r−2√−1 iξ(Ω ∧ ω) = 0 (13)
since Ω ∧ ω = r2
2
(dr
r
+
√−1η) ∧ dη ∧ ψ′. Let ψ denote the pull-back of ψ′ to M by
the inclusion i :M → C(M) :
ψ = i∗ψ′.
Then ψ is a transversely (n, 0)-form on (M,Fξ) such that dψ = (n + 1)
√−1η ∧ ψ
by taking the pull-back of the equation (11) by i. Moreover, it follows from the
equations (12) and (13) that ψ ∧ dη = ψ ∧ dη = 0 and ψ ∧ ψ = cn(12dη)n. Hence
(ψ, 1
2
dη) is an almost transverse Calabi-Yau structures.
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Conversely, we assume that there exist a contact form η and a complex valued
n-form ψ such that (ψ, 1
2
dη) is an almost transverse Calabi-Yau structure. Then the
contact form η induces the Reeb vector field ξ and the Reeb foliation Fξ. It follows
from Proposition 3.5 that ψ defines the transverse complex structure Jψ on (M,Fξ).
Then (η, ξ, Jψ, g) is a Sasaki structure on M and the metric cone (C(M), g) has the
Ka¨hler form
ω = d(
1
2
r2η).
It is easy to see that Lr ∂
∂r
ω = 2ω. We define ψ′ as the n-form
ψ′ = rn+1ψ
on C(M), where we consider ψ as an n-form on C(M) by the trivial extension.
Then ψ′ is a transversely (n, 0)-form on (C(M),F〈ξ,r ∂
∂r
〉) such that ivψ
′ = 0 for the
holomorphic vector field v = 1
2
(r ∂
∂r
−√−1ξ). We define Ω as the (n+ 1)-form
Ω = (
dr
r
+
√−1η) ∧ ψ′ (14)
on C(M). Then Ω is a holomorphic (n + 1)-form satisfying
Lr ∂
∂r
Ω = dir ∂
∂r
Ω = dψ′ = (n+ 1)Ω
since ir ∂
∂r
Ω = ψ′ and dψ′ = (n+1)(dr
r
+
√−1η)∧ψ′. The equation (14) implies that
Ω ∧ Ω = 2(−1)n√−1 r−1dr ∧ η ∧ ψ′ ∧ ψ′
= 2(−1)n√−1 r2n+1dr ∧ η ∧ ψ ∧ ψ
= 2(−1)n√−1cnr2n+1dr ∧ η ∧ (1
2
dη)n
= (n + 1)cn+1rdr ∧ η ∧ (1
2
r2dη)n
= cn+1ω
n+1.
Hence (Ω, ω) is a weighted Calabi-Yau structure on C(M), and we finish the proof.
4 Deformations of special Legendrian submani-
folds
In this section, we assume that (M, g) is a simply connected and compact Sasaki-
Einstein manifold of dimension (2n+1) and (ξ, η,Ψ, g) is the Sasaki-Einstein struc-
ture onM . Let (C(M), g) be the metric cone of (M, g). We fix an almost transverse
Calabi-Yau structure (ψ, 1
2
dη) and the corresponding weighted Calabi-Yau structure
(Ω, ω) on C(M) as in Proposition 3.12.
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4.1 Special Legendrian submanifolds
The holomorphic (n + 1)-form Ω induces the calibration ΩRe on C(M) and special
Lagrangian submanifolds are defined by calibrated submanifolds. We consider such
submanifolds of cone type. For any submanifold X inM , the cone C(X) = R>0×X
is a submanifold in C(M). We identify X with the hypersurface {1} ×X in C(X).
Then X can be considered as the link C(X) ∩M .
Definition 4.1. A submanifold X is a special Legendrian submanifold in M if the
cone C(X) is a special Lagrangian submanifold in C(M).
Any special Legendrian submanifold X is a minimal submanifold in M , that is,
the mean curvature vector field H of X vanishes. In fact, the mean curvature vector
field H˜ of the cone C(X) satisfies that H˜(r,x) =
1
r2
Hx at (r, x) ∈ R>0 ×X = C(X).
Hence H = 0 since a special Lagrangian cone C(X) is minimal.
We also denote by η the extension of the contact form η to C(M). We provide
a characterization of special Lagrangian cones in C(M).
Proposition 4.2. Let X˜ be an (n + 1)-dimensional closed submanifold in C(M)
with the inclusion ι˜ : X˜ →֒ C(M). The submanifold X˜ is a special Lagrangian cone
if and only if ι˜∗ΩIm = ι˜∗η = 0.
Proof. We remark that a special Lagrangian submanifold in C(M) is characterized
by an (n+1)-dimensional submanifold X˜ in C(M) such that ι˜∗ΩIm = 0 and ι˜∗ω = 0.
If X˜ is a special Lagrangian cone, then the vector field r ∂
∂r
is tangent to X˜ . The
vector fields ξ and r ∂
∂r
span a symplectic subspace of TpC(M) with respect to ωp at
the each point p ∈ C(M). We can obtain ι˜∗η = 0 since η = ir ∂
∂r
ω and ι˜∗ω = 0.
Conversely, if an (n + 1)-dimensional submanifold X˜ satisfies ι˜∗ΩIm = ι˜∗η = 0,
then X˜ is a special Lagrangian submanifold since ι˜∗ω = 1
2
d(r2ι˜∗η) = 0. In order to
see that X˜ is a cone, we consider the set
Ip = {a ∈ R>0 | λap ∈ X˜}
for each p ∈ X˜. Then Ip is a closed subset of R>0 since X˜ is closed. On the other
hand, the vector field r ∂
∂r
has to be tangent to X˜ since X˜ is Lagrangian and ι˜∗η = 0.
The vector field r ∂
∂r
is the infinitesimal transformation of the action λ. Therefore Ip
is open, and so Ip = R>0 for each point p ∈ X˜ . Hence X˜ is a cone, and it completes
the proof.
We denote by ψRe and ψIm the real part and the imaginary part of ψ, respectively.
Then we have a characterization of special Legendrian submanifolds :
Proposition 4.3. An n-dimensional submanifold X in M is a special Legendrian
submanifold if and only if ι∗ψIm = ι∗η = 0.
Proof. Let (Ω, ω) be the Calabi-Yau structure on C(M). As in the proof of Propo-
sition 3.12, Ω is given by
Ω = (
dr
r
+
√−1η) ∧ rn+1ψ
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on C(M). It implies that ΩIm = rndr ∧ ψIm + rn+1η ∧ ψRe. Thus the equation
ι∗ψIm = ι∗η = 0 is equivalent to ι˜∗ΩIm = ι˜∗η = 0 where ι˜ is the embedding ι˜ :
C(X) → C(M). Hence the condition ι∗ψIm = ι∗η = 0 holds if and only if X is
a special Legendrian submanifold by Proposition 4.2 and the definition of special
Legendrian submanifolds.
For a real constant θ, the n-form e
√−1 θΩ induces a calibration (e
√−1 θΩ)Re on
(C(M), g). Then calibrated submanifolds are called θ-special Lagrangian submani-
folds for a phase θ.
Definition 4.4. A submanifold X in M is θ-special Legendrian if the cone C(X) is
a θ-special Lagrangian submanifold in C(M) for a phase θ.
A θ-special Legendrian submanifold is a special Legendrian submanifold in the
Sasaki-Einstein manifold with the almost transverse Calabi-Yau structure (e
√−1 θψ, 1
2
dη).
Hence any θ-special Legendrian submanifold is minimal. Moreover the converse is
true, that is,
Proposition 4.5. A connected oriented submanifold X in M is minimal Legendrian
if and only if X is θ-special Legendrian for a phase θ.
Proof. We only show that a minimal Legendrian submanifold is θ-special Legendrian
for a phase θ. Let X be a connected oriented Legendrian submanifold in M and H
the mean curvature vector of X . Then there exists a R/Z-valued function θ on X
such that ∗ι∗ψ = e−
√−1 θ where ∗ is the Hodge operator with respect to the metric
ι∗g on X . If we regard θ as the function on C(X) by the trivial extension, then it
follows from Ω = (dr
r
+
√−1η)∧ rnψ that ∗˜ι˜∗Ω = e−
√−1 θ where ι˜ is the inclusion ι˜ :
C(X) →֒ C(M) and ∗˜ is the Hodge operator with respect to the metric ι˜∗g on C(X).
Hence dθ = ι˜∗(iH˜ω) for the mean curvature vector H˜ of C(X) (Lemma 2.1.[18]). It
follows from dθ( ∂
∂r
) = 0 that H˜ has no component of 〈ξ〉R. Since the transverse part
of ω is r
2
2
dη and H˜ = 1
r2
H , the equation ι˜∗(i
H˜
ω) = ι˜∗(i
H˜
r2
2
dη) = ι∗(iHωT ) holds
where ωT is the transverse 2-form 1
2
dη on (M,Fξ). Thus we obtain
dθ = ι∗(iHωT ) (15)
on M . Hence θ is constant if X is minimal. Then X is special Legendrian with
respect to the almost transverse Calabi-Yau structure (e
√−1 θψ, 1
2
dη). Therefore X
is the θ-special Legendrian submanifold for the phase θ.
4.2 Infinitesimal deformations of special Legendrian sub-
manifolds
Let X be a compact special Legendrian submanifold in M . We denote by MX
the moduli space of special Legendrian deformations of X . The following result is
shown by Futaki, Hattori and Yamamoto by considering deformations of the special
Lagrangian cone in C(M) [3]. We provide its different proof from the point of view
of Φ-deformations.
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Proposition 4.6. The infinitesimal deformation space of X is isomorphic to the
space Ker(∆0 − 2(n+ 1)) of 2(n + 1)-eigenfunctions of the Laplace operator ∆0.
Proof. Proposition 4.3 implies that a special Legendrian deformation is a (ψIm, η)-
deformation and MX is the moduli space MX(ψIm, η). We take the set U as in (1)
and define the map F : U → ∧0 ⊕ ∧1 by
F (v) = (∗ exp∗v ψIm, exp∗v η)
for v ∈ U , then we can regard F−1(0) as a set of special Legendrian submanifolds
in M which is near X in C1 sense. The linearization d0F of F at 0 ∈ U is given by
d0F (v) = (∗ι∗Lv˜ψIm, ι∗Lv˜η)
= (∗dι∗(iv˜ψIm) + (n+ 1)ι∗(iv˜ηψRe), dι∗(iv˜η) + ι∗(iv˜dη))
= (
1
2
d∗ι∗(iv˜dη) + (n + 1)ι∗(iv˜η), dι∗(iv˜η) + ι∗(iv˜dη))
for v ∈ U where v˜ is an extension of v to M . In the last equation, we use that
ι∗(iv˜ψIm) = −12 ∗ ι∗(iv˜dη). Under the identification
Γ(NX) ≃ ∧0 ⊕ ∧1
given by v 7→ (ivη, 12 ivdη), we identify d0F with the map d0F : ∧0 ⊕ ∧1 → ∧0 ⊕ ∧1
defined by
d0F (f, α) = (d
∗α + (n + 1)f, df + 2α)
for (f, α) ∈ ∧0 ⊕ ∧1. Then it turns out that
Ker(d0F ) = {(f, α) ∈ ∧0 ⊕ ∧1 | d∗α+ (n + 1)f = 0, 2α + df = 0}
= {(f,−1
2
df) ∈ ∧0 ⊕ ∧1 | (∆0 − 2(n+ 1))f = 0}
which is isomorphic to Ker(∆0 − 2(n+ 1)), and hence it completes the proof.
The obstruction space of special Legendrian deformations is the cokernel Coker(d0F )
as in the proof of Proposition 4.6. However, the space Coker(d0F ) is isomorphic to
Ker(d0F ) since d0F : ∧0 ⊕ ∧1 → ∧0 ⊕ ∧1 is self dual. Hence the obstruction space
does not vanish whenever X has non-trivial deformations. Thus there may exist
some obstruction of special Legendrian deformations.
4.3 The intersection of two deformation spaces
Let ωT be the 2-form 1
2
dη onM . We remark that X is a special Legendrian subman-
ifold if and only if ι∗ψIm = ι∗η = ι∗ωT = 0. Let X be a compact special Legendrian
submanifold in M . We consider (ψIm, ωT )-deformations of X and denote by NX the
moduli spaces MX(ψIm, ωT ). We fix an integer s ≥ 3 and a real number α with
0 < α < 1 and setN s,αX as the moduli spaceMs,αX (ψIm, ωT ) of (ψIm, ωT )-deformations
of Cs,α-class. Then we have
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Proposition 4.7. The moduli space N s,αX is smooth at 0X . The tangent space
T0XN s,αX is isomorphic to {(− 1n+1d∗α, α) ∈ Cs,α(∧0 ⊕ ∧1) | dα = 0}.
Proof. We take the set U as in (1) and define the map G : U → ∧0 ⊕ ∧2 by
G(v) = (∗ exp∗v ψIm, exp∗v ωT )
for v ∈ U . It follows that for v ∈ U
d0G(v) = (∗(dι∗(iv˜ψIm) + (n+ 1)ι∗(iv˜ηψRe)− (n + 1)ι∗(η ∧ iv˜ψRe), dι∗(iv˜ωT ))
= (d∗ι∗(iv˜ω
T ) + (n + 1)ι∗(iv˜η), dι
∗(iv˜ω
T ))
where v˜ is an extension of v to M . In the last equation, we use that ι∗(iv˜ψIm) =
−1
2
∗ ι∗(iv˜dη) and ι∗ψRe = vol(X). Under the identification Γ(NX) ≃ ∧0⊕∧1 given
by v 7→ (ivη, ivωT ), we identify d0G with the map D1 : ∧0 ⊕ ∧1 → ∧0 ⊕ ∧2 defined
by
D1(f, α) = (d
∗α + (n+ 1)f, dα)
for (f, α) ∈ ∧0 ⊕ ∧1. Then it turns out that
Ker(D1) = {(f, α) ∈ ∧0 ⊕ ∧1 | d∗α + (n+ 1)f = 0, dα = 0}
= {(− 1
n + 1
d∗α, α) ∈ ∧0 ⊕ ∧1 | dα = 0}.
Now we provide a complex as follows
0→ ∧0 ⊕ ∧1 D1−→ ∧0 ⊕ ∧2 D2−→ ∧3 → 0
where the operator D2 is given by
D2(f, β) = dβ
for (f, β) ∈ ∧0 ⊕ ∧2. It is easy to see that
P1(f, α) = ((n+ 1)
2f + (n + 1)d∗α,∆1α+ (n + 1)df),
P2(f, β) = ((∆0 + (n+ 1)
2)f,∆2β).
Hence P2 is the elliptic operator. It follows from Im(G) ⊂ ∧0 ⊕ d∧1 that Im(G) is
perpendicular to KerP2(= {0} ⊕ H2(X)) and Im(D∗2). Hence we obtain Im(G) ⊂
Im(D1) by the Hodge decomposition ∧0⊕∧2 = KerP2⊕ Im(D1)⊕ Im(D∗2). Proposi-
tion 2.2 implies that N s,αX is smooth at 0X with the tangent space Ker(Ds,α1 ). Hence
we finish the proof.
Let LX be the moduli space of Legendrian deformations of X of C∞-class and
Ls,αX that of Cs,α-class. Then we have the following
Theorem 4.8. The moduli space MX is the intersection NX ∩LX where N s,αX and
Ls,αX are smooth.
Proof. The moduli space MX is the intersection NX ∩ LX since MX(ψIm, η) =
MX(ψIm, η, ωT ) = MX(ψIm, ωT ) ∩MX(η). The space Ls,αX is smooth by Proposi-
tion 2.7. It follows from Proposition 4.7 thatN s,αX is smooth at any point ofNX∩LX .
Hence it completes the proof.
26 T. Moriyama
4.4 Transverse deformations of special Legendrian subman-
ifolds
We provide a definition of transverse deformations of submanifolds in a general
foliated manifold. Let (M ′, g′) be a Riemannian manifold and F a Riemannian
foliation on M ′. Then F induces the vector bundle F on M ′. We regard the
quotient bundle NF = TM ′/F as the subbundle of TM ′ which is orthogonal to F
with respect to g′. Let X be a compact submanifold in M ′. A normal deformation
f = {ft}t∈[0,1] of X is called a transverse deformation of X if there exists a family
{ht}t∈[0,1] of diffeomorphisms ofX with h0 = idX and ddtht|t=0 = 0 such that ddtft◦ht ∈
Γ(NF |Xt) for each t ∈ [0, 1]. We say that f is a transverse Φ-deformation of X if f
is a transverse and Φ-deformation of X , and we define MTX(Φ) as the moduli space
of transverse Φ-deformations of X .
We consider a transverse deformation of special Legendrian submanifolds in the
Sasaki-Einstein manifold (M, g). We assume that F is the Reeb foliation on M and
X is a compact special Legendrian submanifold in M . It follows from NF = ker η
that a transverse (ψIm, ωT )-deformation of X is given by a (ψIm, ωT )-deformation
{ft}t∈[0,1] such that ddtft ◦ ht ∈ Γ(ker η|Xt) for diffeomorphisms {ht}t∈[0,1] of X . We
denote by N TX the moduli space MTX(ψIm, ωT ) of transverse (ψIm, ωT )-deformations
of X . Then we obtain
Theorem 4.9. The moduli space N TX is smooth at 0X and the tangent space T0XN TX
is isomorphic to H1(X).
Proof. We define NXT by the vector bundle
NXT = NX ∩ ker η|X
on X . Let UT be a sufficiently small neighbourhood of the zero section in NXT and
UT the set {v ∈ Γ(NXT ) | vx ∈ UT , x ∈ X}. We define the map GT : UT → ∧0⊕∧2
by
GT (v) = (∗ exp∗v ψIm, exp∗v ωT )
for v ∈ UT . We remark that if a geodesic is orthogonal to a leaf at one point, then
the geodesic is orthogonal to any leaf [15]. It yields that the deformation expv =
{exptv}t∈[0,1] satisfies ddt exptv ∈ Γ(NF |exptv(X)) for each t if v is in Γ(NF ). We can
replace {exptv}t∈[0,1] to a normal deformation {exptv ◦h′t}t∈[0,1] by a time dependent
diffeomorphisms h′t of X with h
′
0 = idX and
d
dt
h′t|t=0 = 0. Hence (GT )−1(0) is
identified with a neighbourhood of 0X in N TX . We have
d0G
T (v) = (∗(dι∗(iv˜ψIm) + (n+ 1)ι∗(iv˜ηψRe)− (n+ 1)ι∗(η ∧ iv˜ψRe)), dι∗(iv˜ωT ))
= (d∗ι∗(iv˜ωT ), dι∗(iv˜ωT ))
for v ∈ UT where v˜ is an extension of v to M . In the last equation, we use that
ι∗(iv˜ψIm) = − ∗ ι∗(iv˜ωT ) and ι∗(iv˜η) = ivη = 0. Under the identification
Γ(NXT ) ≃ ∧1
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given by v 7→ ivωT , we identify d0GT with the map D1 : ∧1 → ∧0 ⊕ ∧2 defined by
D1(α) = (d
∗α, dα)
for α ∈ ∧1. Then it turns out that
Ker(D1) = {α ∈ ∧1 | d∗α = dα = 0} = H1(X).
Now we provide a complex as follows
0→ ∧1 D1−→ ∧0 ⊕ ∧2 D2−→ ∧3 → 0
where the operator D2 is given by
D2(f, β) = dβ
for (f, β) ∈ ∧0 ⊕ ∧2. It is easy to see that
P1(α) = ∆1α,
P2(f, β) = (∆0f,∆2β).
Hence P1 and P2 are elliptic. It follows from Im(G
T ) ⊂ d∗∧1⊕d∧1 that Im(GT ) is per-
pendicular to KerP2(= H0(X)⊕H2(X)) and Im(D∗2). Hence we obtain Im(GT ) ⊂
Im(D1) by the Hodge decomposition ∧0⊕∧2 = KerP2⊕ Im(D1)⊕ Im(D∗2). Proposi-
tion 2.2 implies that N TX is smooth at 0X with the tangent space Ker(D1) = H1(X),
and hence it completes the proof.
5 Further results
In this section, we assume that (M, g) is a simply connected and compact Rieman-
nian manifold of dimension 2n + 1.
5.1 Sasaki manifolds with almost transverse Calabi-Yau struc-
tures
The metric cone of a Sasaki manifold (M, g) with an almost transverse Calabi-Yau
structure is not a Calabi-Yau manifold unless (M, g) is Sasaki-Einstein. A Ka¨hler
manifold with a non-vanishing holomorphic volume form is called an almost Calabi-
Yau manifold. We refer to [9] for an almost Calabi-Yau manifolds. We provide a
generalization of Proposition 3.12 as follows
Proposition 5.1. The Riemannian manifold (M, g) has a contact form η and a
complex valued n-form ψ such that (ψ, 1
2
dη) is an almost transverse Calabi-Yau
structure on (M,F), where F is the Reeb foliation induced by η, with dψ = κ√−1 η∧
ψ for a real constant κ if and only if the metric cone (C(M), g) is an almost Calabi-
Yau manifold with a non-vanishing holomorphic section Ω of KC(M) and a Ka¨hler
form ω such that
Ω ∧ Ω = r2(κ−n−1)cn+1ωn+1 (16)
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and
Lr ∂
∂r
Ω = κΩ,
Lr ∂
∂r
ω = 2ω.
Proof. We assume that there exists an almost transverse Calabi-Yau structure (ψ, 1
2
dη)
with dψ = κ
√−1 η∧ψ. Then the Ka¨hler form ω is given by ω = d(1
2
r2η) and satisfies
Lr ∂
∂r
ω = 2ω. We define ψ′ as the n-form
ψ′ = rκψ
on C(M) and Ω as the (n+ 1)-form
Ω = (
dr
r
+
√−1η) ∧ ψ′
on C(M). Then Ω is the non-vanishing holomorphic (n+1)-form satisfying Lr ∂
∂r
Ω =
dir ∂
∂r
Ω = dψ′ = κΩ. The equation (14) implies that
Ω ∧ Ω = 2(−1)n√−1 r−1dr ∧ η ∧ ψ′ ∧ ψ′
= 2(−1)n√−1 r2κ−1dr ∧ η ∧ ψ ∧ ψ
= 2(−1)n√−1cnr2κ−1dr ∧ η ∧ (1
2
dη)n
= (n+ 1)cn+1r
2(κ−n−1)rdr ∧ η ∧ (1
2
r2dη)n
= r2(κ−n−1)cn+1ωn+1.
Conversely, if there exists a non-vanishing holomorphic section Ω of KC(M) and
a Ka¨hler form ω on C(M), then the Ka¨hler form ω is given by ω = d(1
2
r2η) since
Lr ∂
∂r
ω = 2ω. We define ψ′ as the n-form
ψ′ = ir ∂
∂r
Ω
on C(M). Then ψ′ is a transversely (n, 0)-form on (C(M),F〈ξ,r ∂
∂r
〉) such that Ω =
(dr
r
+
√−1η) ∧ ψ′ since ψ′ = ivΩ + ivΩ = ivΩ for the holomorphic vector field
v = 1
2
(r ∂
∂r
−√−1ξ). The condition Lr ∂
∂r
Ω = κΩ implies that
dψ′ = Lr ∂
∂r
Ω = κΩ = κ(
dr
r
+
√−1η) ∧ ψ′. (17)
It is straightforward to
Ω ∧ Ω = 2(−1)n√−1 r−1dr ∧ η ∧ ψ′ ∧ ψ′,
ωn+1 = (n+ 1)rdr ∧ η ∧ (1
2
r2dη)n.
Hence
ψ′ ∧ ψ′ = cnr2κ(1
2
dη)n. (18)
Deformations of special Legendrian submanifolds 29
Moreover, we obtain
ψ′ ∧ dη = −2r−2√−1 iξ(Ω ∧ ω) = 0 (19)
since Ω ∧ ω = r2
2
(dr
r
+
√−1η) ∧ dη ∧ ψ′. We define ψ as the n-form
ψ = i∗ψ′
on M , where i is the inclusion i :M → C(M). Then ψ is a transversely (n, 0)-form
on (M,Fξ) such that dψ = κ
√−1η ∧ψ by taking the pull-back of the equation (17)
by i. Moreover, it follows from the equations (18) and (19) that ψ∧dη = ψ∧dη = 0
and ψ∧ψ = cn(12dη)n Hence (ψ, 12dη) is an almost transverse Calabi-Yau structures,
and we finish the proof.
Remark 5.2. In Proposition 5.1, the holomorphic (n+ 1)-form Ω induces the cali-
bration ΩRe with respect to the metric rκ
′
g where κ′ = 2( κ
n+1
− 1). However, rκ′g is
not a Ka¨hler metric unless κ′ = 0 which is equal to κ = n+ 1.
Let (η, ξ,Ψ, g) be a Sasaki structure on M . Then we can deform (η, ξ,Ψ, g) to
another Sasaki structure (ηa, ξa,Ψa, ga) given by
ga = ag + (a
2 − a)η ⊗ η, ηa = aη, ξa = 1
a
ξ, Ψa = Ψ
for a > 0. These deformations are called the D-homothety transformations [17]. The
D-homothety transformation induces the rescaling agT of the transverse metric gT .
Indeed, we have gTa = ag
T .
Proposition 5.3. Let κ be a non-negative constant. Then the Riemannian manifold
(M, g) has a contact form η and a complex valued n-form ψ such that (ψ, 1
2
dη) is
an almost transverse Calabi-Yau structure on (M,F), where F is the Reeb foliation
induced by η, with dψ = κ
√−1 η ∧ ψ if and only if the metric g is Sasakian such
that gT is a transverse Ka¨hler-Einstein metric with the Einstein constant 2κ.
Proof. The case of κ = 0 follows from the transverse Yau’s Theorem [2]. Hence it
suffices to show the case of κ > 0. If (ψ, 1
2
dη) is an almost transverse Calabi-Yau
structure such that dψ = κ
√−1 η ∧ ψ. We take a = κ
n+1
and define ψa and ηa
as a
n
2ψ and aη, respectively. Then (ψa,
1
2
dηa) is an almost transverse Calabi-Yau
structure with respect to the metric ga = ag such that dψa = (n + 1)
√−1 ηa ∧ ψa.
It follows from Proposition 3.12 that ga is a Sasaki-Einstein metric. Moreover,
Proposition 3.12 implies that RicTga = 2(n+ 1)g
T
a . Then the transverse metric g
T of
g is transverse Ka¨hler-Einstein with the Einstein constant 2κ since the Ricci tensor
is invariant of the rescaling of the metric and RicTg = Ric
T
ga
= 2(n+ 1)gTa = 2κg
T .
Conversely, we assume that g is a Sasaki metric with RicT = 2κgT . Then
the D-homothety transformation (ηa, ξa,Ψa, ga) is a Sasaki-Einstein structure for
a = κ
n+1
since RicTga = Ric
T
g = 2κg
T = 2(n + 1)gTa . It follows from Proposition 3.12
that there exists an almost transverse SLn(C) structure ψ0 on (M,Fξa) such that
dψ0 = (n + 1)
√−1 ηa ∧ ψ0. We define ψ as ψ = a−n2ψ0. Then (ψ, 12dη) is an almost
transverse Calabi-Yau structure on (M,Fξ) such that dψ = κ
√−1 η ∧ψ, and hence
we finish the proof.
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Remark 5.4. In the proof of Proposition 5.3, the pair (ψ, 1
2
dη) induces the almost
transverse Calabi-Yau structure (ψa,
1
2
dηa) on M . On the cone C(M), the Calabi-
Yau structure (Ωa, ωa) is defined by Ωa = (
dra
ra
+
√−1ηa)∧rn+1a ψa and ωa = 12d(r2aηa)
where ra is the function r
a. Let (Ω, ω) be the almost Calabi-Yau structure corre-
sponding to (ψ, 1
2
dη). Then the relations Ωa = a
n
2
+1Ω and ωa =
a
2
d(r2aη) hold.
A Sasaki manifold (M, g) is called an η-Sasaki-Einstein manifold if there exists a
constant λ such that Ricg = λg+(2n−2−λ)η⊗η. The condition of η-Sasaki-Einstein
for the constant λ is equivalent that gT is a transverse Ka¨hler-Einstein metric with
the Einstein constant λ + 2. Hence it follows from Proposition 5.3 that (M, g) has
an almost transverse Calabi-Yau structure (ψ, 1
2
dη) with dψ = κ
√−1 η∧ψ for κ ≥ 0
if and only if the metric g is η-Sasaki-Einstein for the constant λ = 2κ− 2.
5.2 The automorphism group Aut(η, ψ)
Let (M, g) be a Sasaki manifold with a Sasaki structure (η, ξ,Ψ, g). We assume that
there exists a complex valued n-form ψ such that (ψ, 1
2
dη) is an almost transverse
Calabi-Yau structure on (M,Fξ) with dψ = κ
√−1 η ∧ ψ for a real constant κ. In
this section, we consider the group
Aut(η, ψ) = {f ∈ Diff(M) | f ∗η = η, f ∗ψ = ψ}
of automorphisms preserving (η, ψ). We also define Aut(η, [ψ]) as the group of
diffeomorphisms preserving η and the conformal class [ψ] :
Aut(η, [ψ]) = {f ∈ Diff(M) | f ∗η = η, f ∗ψ = hψ, h ∈ ∧0 ⊗ C}.
Then we have
Lemma 5.5. Aut(η, [ψ]) = {f ∈ Diff(M) | f ∗η = η, f ∗ψ = e
√−1 θψ, θ ∈ H0(M)}
Proof. If f ∗ψ = hψ for a function h, then d(f ∗ψ) = dh∧ψ+hdψ = dh∧ψ+√−1 hη∧
ψ and d(f ∗ψ) = f ∗(dψ) = η ∧ f ∗ψ. Hence ∂Th = dξh = 0 and so h is constant.
Moreover, the norm ‖h‖ of h is 1 by taking the pull-back of ψ ∧ψ = cn(12dη)n by f .
Hence h = e
√−1 θ for a real constant θ.
From now on, we assume thatM is connected. Then we can consider Aut(η, [ψ])
as the group of phase changes (η, ψ) → (η, e
√−1 θψ) for θ ∈ R. Let Aut(η, ξ,Ψ, g)
denote the group of automorphisms preserving (η, ξ,Ψ, g). Then we obtain
Proposition 5.6. Aut(η, ξ,Ψ, g) = Aut(η, [ψ])
Proof. We remark that Aut(η, ξ,Ψ, g) = Aut(η,Ψ). In fact, if f ∗η = η and f∗ ◦Ψ =
Ψ ◦ f∗, then f∗ξ = ξ and f ∗gD = gD. It implies that f ∗g = g since the metric g is
given by g = gD + η ⊗ η. Hence we will prove Aut(η,Ψ) = Aut(η, [ψ]). If f ∗η = η
and f ∗ ◦ Ψ = Ψ ◦ f ∗, then f preserves the vector bundle D = Ker η. Moreover f
also preserves D0,1 and D1,0 since D0,1 and D1,0 are eigenvalue spaces of Ψ. Hence
f maps any transverse (n, 0)-form to a transverse (n, 0)-form by the pull back f ∗.
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In particular, f ∗ψ = hψ for a function h. Hence f ∈ Aut(η, [ψ]). Conversely, if
f ∗η = η and f ∗ψ = hψ, then f preserves the vector bundle D = Ker η and Kerψ.
Hence f also preserves D0,1 and D1,0. It implies that f∗◦Ψ = Ψ◦f∗ by the definition
of Ψ, and hence we finish the proof.
It immediately follows that the group Aut(η, ψ) is the subgroup of Aut(η, ξ,Ψ, g).
We define aut(η, ψ) by
aut(η, ψ) = {v ∈ Γ(TM) | Lvη = 0, Lvψ = 0}.
Let aut(η, ξ,Ψ, g) denote the Lie algebra of Aut(η, ξ,Ψ, g). Then we obtain the
following relation between aut(η, ψ) and aut(η, ξ,Ψ, g).
Proposition 5.7. If κ 6= 0, then there exists the decomposition
aut(η, ψ)⊕ 〈ξ〉R = aut(η, ξ,Ψ, g)
where 〈ξ〉R is the R-vector space generated by ξ.
Proof. Proposition 5.6 implies that aut(η, ξ,Ψ, g) = {v ∈ Γ(TM) | Lvη = 0, Lvψ =√−1 cψ, c ∈ R}. The Reeb vector field ξ satisfies Lξη = 0 and Lξψ =
√−1κψ.
Hence the vector space 〈ξ〉R is a subspace of aut(η, ξ,Ψ, g) and has the trivial inter-
section with aut(η, ψ). If we take an element v ∈ aut(η, ξ,Ψ, g), then there exists
a real constant c such that Lvψ =
√−1cψ. The vector field v − c
κ
ξ is the element
of aut(η, ψ) since Lv− c
κ
ξψ = 0. Thus v is in aut(η, ψ) ⊕ 〈ξ〉R. Hence aut(η, ξ,Ψ, g)
coincides with aut(η, ψ)⊕ 〈ξ〉R, and we finish the proof.
We have the identification
Γ(TM) ≃ ∧0 ⊕ ∧1T (20)
given by v 7→ (ivη, ivωT ) where ωT = 12dη.
Proposition 5.8. Under the identification (20), the Lie algebra aut(η, ψ) is given
by {(f,−1
2
df) ∈ ∧0B ⊕ ∧1B | ∆Bf = 4κf} which is isomorphic to the eigenspace
Ker(∆B − 4κ) of the basic Laplacian ∆B on ∧0B.
Proof. We introduce two operators ∗T and ∗C. We define an operator
∗T : ∧pT → ∧2n−pT
by the formula
∗α = (∗Tα) ∧ η
for α ∈ ∧pT where ∗ is an ordinary Hodge star operator with respect to the Rie-
mannian metric g on M . We can consider ∗T as an operator ∧pT ⊗ C → ∧2n−pT ⊗ C
by the linearly extension. Let volT denote the transverse volume form with respect
to the metric gT . Then ivvolT = ∗Tv♯ for any v ∈ Γ(Q) where v♯ is the transverse
1-form defined by v♯(w) = gT (v, w) for w ∈ Γ(TM). The equations volT = (ωT )n
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and (Jv)♯ = iv(ω
T ) implies iJv(ω
T )n = ∗T ivωT . On the other hand, it follows from
iJvψ =
√−1ivψ that iJv(ψ ∧ ψ) =
√−1(ivψ ∧ ψ − (−1)nψ ∧ ivψ). It implies that
√−1c−1n (ivψ ∧ ψ − (−1)nψ ∧ ivψ) = ∗T ivωT . (21)
We remark that the equation (21) holds for any element v of TM . We define ∗T as
∗T (α) = ∗Tα for any α ∈ ∧pT ⊗ C. It induces the map ∗T : ∧p,qT → ∧n−p,n−qT . By
taking the (n− 1, n)-part of the equation (21), we obtain
√−1c−1n ivψ ∧ ψ = ∗T (ivωT )1,0 (22)
for any v ∈ TM .
We introduce an operator
∗C : ∧p,0T → ∧n−p,0T
given by the formula
∗Tα =
√−1c−1n (∗Cα) ∧ ψ (23)
for α ∈ ∧p,0T . By taking the exterior derivative of the equation (23), we obtain that
d∗Tα =
√−1c−1n (d−
√−1κη∧)(∗Cα) ∧ ψ (24)
for α ∈ ∧p,0T . If α is basic, then the left hand side of the equation (24) is the basic
(n− p+ 1, n)-form ∂B∗Bα ∈ ∧n−p+1,nB . Hence we obtain that
(dξ −
√−1κη∧) ∗C α = 0, (25)
∂T (∗Cα) ∧ ψ = −
√−1cn∂B∗Bα (26)
for α ∈ ∧p,0B .
We start to compute Lvψ = 0 and Lvη = 0. By using the operator ∗C, the
equation (22) is written by ivψ = ∗C(ivωT )1,0 for any v ∈ TM . It turns out that
Lvη = divη + ivdη = df + 2θ
Lvψ = divψ + ivdψ
= (d−√−1κη∧)ivψ +
√−1κivηψ
= (d−√−1κη∧) ∗C θ1,0 +
√−1κfψ
= (∂T ∗C θ1,0 +
√−1κfψ) + ∂T ∗C θ1,0 + (dξ −
√−1κη∧) ∗C θ1,0
where f = ivη and θ = ivω
T .
If v satisfies Lvψ = 0 and Lvη = 0, then f and θ are basic since θ = −12df is
transverse. It follows from the equation (26) that (dξ −
√−1κη∧) ∗C θ1,0 = 0. We
have
(∂T ∗C θ1,0 +
√−1κfψ) ∧ ψ = ∂T ∗C θ1,0 ∧ ψ +
√−1κfψ ∧ ψ
= −√−1cn∂B∗Bθ1,0 +
√−1cnκf∗B1
=
√−1cn∗B(∂∗Bθ1,0 + κf).
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It implies that ∂T ∗C θ1,0+
√−1κfψ = ∗C(∂∗Bθ1,0+κf) by the definition of ∗C. Hence
we obtain
Lvψ = −1
2
∗C (∂∗B∂Bf − 2κf)−
1
2
∂T ∗C ∂Bf
since θ1,0 = −1
2
∂Bf . Thus v satisfies Lvη = 0 and Lvψ = 0 if and only if the
corresponding (f, θ) satisfies
θ = −1
2
df
Bf = 2κf (27)
∂T ∗C ∂Bf = 0 (28)
where B is the basic complex Laplace operator ∂
∗
B∂B + ∂B∂
∗
B : ∧p,qB → ∧p,qB .
In order to see that the equation (28) is induced by (27), automatically, we
identify ∧1,0B with ∧1,nB ⊗K−1D where KD is the basic canonical bundle ∧n,0B . Let ̟
be the basic canonical connection of KD and ∇̟ the covariant derivative on K−1D .
The basic 2n-form (ωT )n defines the metric of K−1D . Then we consider the Laplace
operator ̟∂ : ∧p,qB ⊗ K−1D → ∧p,qB ⊗ K−1D given by ̟∂ = ∇1,0̟ (∇1,0̟ )∗ + (∇1,0̟ )∗∇1,0̟
where ∇1,0̟ means the basic (1, 0)-part of ∇̟ and (∇1,0̟ )∗ is the dual operator of
∇1,0̟ . Then we see that

̟
∂ = B
since ∇1,0̟ coincides with the operator ∂B under the identification ∧1,0B ≃ ∧1,nB ⊗K−1D .
As the same manner, we define the operator ̟
∂
: ∧p,qB ⊗K−1D → ∧p,qB ⊗K−1D given
by ̟
∂
= ∇0,1̟ (∇0,1̟ )∗ + (∇0,1̟ )∗∇0,1̟ where ∇0,1̟ means the (0, 1)-part of ∇̟. Then
we obtain

̟
∂ = 
̟
∂
+ 2κ
by the Kodaira-Akizuki-Nakano identity on the basic vector bundle ∧p,qB ⊗K−1D . If
we assume Bf = 2κf , then B∂Bf = 2κ∂Bf . By considering ∂Bf as a section of
∧1,nB ⊗K−1D , we have

̟
∂
∂Bf = (
̟
∂ − 2κ)∂Bf = (B − 2κ)∂Bf = 0.
It implies that
(∇0,1̟ )∗∂Bf = 0. (29)
Let Uα be a local coordinate ofM and ψα a basic and transversely holomorphic local
frame of KD over Uα. Hence ∇0,1̟ ψα = 0. Then there exists a function hα such that
ψ = ehαψα and ∂Thα = 0. By considering ∂Bf as ∂Bf∧ψα⊗ψ−1α = ∂Bf∧ψ⊗e−hαψ−1α ,
we obtain
∇0,1̟ ∗B∂Bf = ∇0,1̟ ∗T (∂Bf ∧ ψ ⊗ e−hαψ−1α )
= ∂T∗T (∂Bf ∧ ψ)⊗ e−hαψ−1α + ∗T (∂Bf ∧ ψ)⊗∇0,1̟ (e−hαψ−1α )
=
√−1 2nc−1n (∂T∗C∂Bf)⊗ e−hαψ−1α
where the last equation is induced by ∗Cα = −
√−1 2−ncn∗T (α ∧ ψ) for α ∈ ∧p,0T .
Thus the equation (29) implies ∂T∗C∂Bf = 0. Hence (27) implies (28).
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Under the identification (20), an element v ∈ aut(η, ψ) corresponds to (f, θ) such
that θ = −1
2
df and Bf = 2κf :
aut(η, ψ) = {(f, θ) ∈ ∧0 ⊕ ∧1T | θ = −
1
2
df, Bf = 2κf}
= {(f,−1
2
df) ∈ ∧0B ⊕ ∧1B | ∆Bf = 4κf},
and hence it completes the proof.
Remark 5.9. Futaki, Ono and Wang introduced a Hamiltonian holomorphic vector
field on Sasaki manifolds in order to consider an obstruction to the existence of
transverse Ka¨hler-Einstein metric [4]. They showed that the complex vector space of
normalized Hamiltonian holomorphic vector fields is isomorphic to Ker(B−2(n+1))
on a Sasaki-Einstein manifold M . Hence aut(η, ψ) is isomorphic to the real part of
the space of normalized Hamiltonian holomorphic vector fields on M .
Proposition 5.7 and Proposition 5.8 yield the following
Corollary 5.10. (i) If κ > 0, then aut(η, ψ)⊕ 〈ξ〉R = aut(η, ξ,Ψ, g).
(ii) If κ < 0, then aut(η, ψ) = {0} and aut(η, ξ,Ψ, g) = 〈ξ〉R.
(iii) If κ = 0, then aut(η, ψ) = 〈ξ〉R. 
Remark 5.11. In the case κ ≤ 0, it is known that aut(η, ξ,Ψ, g) = 〈ξ〉R in Theorem
8.1.14 [1]. Hence we can see that aut(η, ψ) = 〈ξ〉R = aut(η, ξ,Ψ, g) if κ = 0.
5.3 Special Legendrian submanifolds in Sasaki manifolds
with almost transverse Calabi-Yau structures
Let (M, g) be a Sasaki manifold with a Sasaki structure (ξ, η,Ψ, g). We assume that
there exists a complex valued n-form ψ such that (ψ, 1
2
dη) is an almost transverse
Calabi-Yau structure on (M,Fξ) with dψ =
√−1 κη ∧ ψ for a real number κ. Then
(ψ, 1
2
dη) induces an almost Calabi-Yau structure (Ω, ω) on the metric cone (C(M), g)
as in Proposition 5.1. An (n + 1)-dimensional submanifold X˜ in C(M) is called
a special Lagrangian submanifold if ι˜∗ΩRe = ι˜∗ω = 0 where ι˜ is the embedding
ι˜ : X˜ →֒ C(M). We consider such submanifolds of cone type.
Definition 5.12. A submanifold X in M is special Legendrian if the cone C(X) is
a special Lagrangian submanifold in C(M).
Then we obtain
Proposition 5.13. Any special Legendrian submanifold is a minimal submanifold
in (M, g).
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Proof. Let X be a special Legendrian submanifold. Then the special Lagrangian
cone C(X) is a calibrated submanifold with respect to the metric rκ
′
g where κ′ =
2( κ
n+1
− 1). In fact, the holomorphic (n + 1)-form Ω induces the calibration ΩRe
with respect to the metric rκ
′
g. Then special Lagrangian submanifolds are given by
calibrated submanifolds. Therefore C(X) is minimal with respect to rκ
′
g and the
mean curvature vector field H˜ ′ vanishes. Let H˜ be the mean curvature vector field
of C(X) with respect to g. Then H˜ also vanishes since H˜ ′ = r−κ
′
H˜ . Hence C(X) is
minimal with respect to g, and X is a minimal submanifold with respect to g.
We provide a characterization of special Legendrian submanifolds :
Proposition 5.14. An n-dimensional submanifold X in M is a special Legendrian
submanifold if and only if ι∗ψIm = ι∗η = 0.
Proof. By repeating the argument of the proof of Proposition 4.2, we can show that
the embedding ι˜ : C(X) →֒ C(M) is special Lagrangian if and only if ι˜∗ΩRe =
ι˜∗η = 0. The condition ι˜∗ΩRe = ι˜∗η = 0 is equivalent to ι∗ψIm = ι∗η = 0 since
Ω = (dr
r
+
√−1η) ∧ rκψ. Hence X is a special Legendrian submanifold if and only
if ι∗ψIm = ι∗η = 0.
Let X be a compact connected special Legendrian submanifold and MX the
moduli space of special Legendrian deformations of X .
Theorem 5.15. The infinitesimal deformation space of X is isomorphic to the
eigenspace Ker(∆0 − 2κ) of ∆0 with eigenvalue 2κ. If κ = 0, then X is rigid and
MX is a 1-dimensional manifold. If κ < 0, then X does not have any non-trivial
deformation and MX = {0X}.
Proof. Proposition 5.14 implies thatMX is the moduli spaceMX(ψIm, η) of (ψIm, η)-
deformations of X . We take the set U as in (1) and define the map F : U → ∧0⊕∧1
by
F (v) = (∗ exp∗v ψIm, exp∗v η)
for v ∈ U . We can regard F−1(0) as a set of special Legendrian submanifolds in M
which is close to X in C1 sense. . Then we have
d0F (v) = (∗ι∗Lv˜ψIm, ι∗Lv˜η)
= (∗dι∗(iv˜ψIm) + κι∗(iv˜ηψRe), dι∗(iv˜η) + ι∗(iv˜dη))
= (
1
2
d∗ι∗(iv˜dη) + κι∗(iv˜η), dι∗(iv˜η) + ι∗(iv˜dη))
for v ∈ U where v˜ is an extension of v to M . In the last equation, we use that
ι∗(iv˜ψIm) = −12 ∗ ι∗(iv˜dη). Under the identification
Γ(NX) ≃ ∧0 ⊕ ∧1
given by v 7→ (ivη, 12ivdη), we can consider d0F as the map d0F : ∧0⊕∧1 → ∧0⊕∧1
defined by
d0F (f, α) = (d
∗α + κf, df + 2α)
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for (f, α) ∈ ∧0 ⊕ ∧1. Then it turns out that
Ker(d0F ) = {(f, α) ∈ ∧0 ⊕ ∧1 | d∗α + κf = 0, 2α+ df = 0}
= {(f,−1
2
df) ∈ ∧0 ⊕ ∧1 | (∆0 − 2κ)f = 0}
and hence the infinitesimal deformation space of X is isomorphic to the space
Ker(∆0 − 2κ). In the case of κ = 0, we already proved that the moduli space MX
is a 1-dimensional smooth manifold in Proposition 2.2.3. Then the 1-dimensional
deformation space is given by 〈ξ〉R = aut(η, ψ). Thus X is rigid. If κ < 0, then
Ker(∆0 − 2κ) = {0} and X has only the trivial deformation. Hence we finish the
proof.
Let ωT be the transverse 2-form 1
2
dη on M . We denote by NX the moduli space
MX(ψIm, ωT ) of (ψIm, ωT )-deformations of X . We fix an integer s ≥ 3 and a real
number α with 0 < α < 1 and set N s,αX as the moduli space Ms,αX (ψIm, ωT ) of
(ψIm, ωT )-deformations of Cs,α-class.
Proposition 5.16. The moduli space N s,αX is smooth at 0X . If κ 6= 0, then the
tangent space T0XN s,αX is isomorphic to {(− 1κd∗α, α) ∈ Cs,α(∧0 ⊕ ∧1) | dα = 0}. If
κ = 0, then T0XN s,αX is isomorphic to Cs,α(∧0)⊕H1(X).
Proof. We take the set U as in (1) and define the map G : U → ∧0 ⊕ ∧2 by
G(v) = (∗ exp∗v ψIm, exp∗v ωT )
for v ∈ U . It follows that
d0G(v) = (∗(dι∗(iv˜ψIm) + (n+ 1)ι∗(iv˜ηψRe)− κι∗(η ∧ iv˜ψRe), dι∗(iv˜ωT ))
= (d∗ι∗(iv˜ωT ) + κι∗(iv˜η), dι∗(iv˜ωT ))
for v ∈ U where v˜ is an extension of v to M . In the last equation, we use that
ι∗(iv˜ψIm) = −12 ∗ ι∗(iv˜dη) and ι∗ψRe = vol(X). Under the identification Γ(NX) ≃∧0 ⊕ ∧1 given by v 7→ (ivη, ivωT ), we identify d0G with the map D1 : ∧0 ⊕ ∧1 →
∧0 ⊕ ∧2 defined by
D1(f, α) = (d
∗α + κf, dα)
for (f, α) ∈ ∧0 ⊕ ∧1. Now we provide a complex as follows
0→ ∧0 ⊕ ∧1 D1−→ ∧0 ⊕ ∧2 D2−→ ∧3 → 0
where the operator D2 is given by
D2(f, β) = dβ
for (f, β) ∈ ∧0 ⊕ ∧2. It is easy to see that
P1(f, α) = (κ
2f + κd∗α,∆1α + κdf),
P2(f, β) = ((∆0 + κ
2)f,∆2β).
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Hence P2 is the elliptic operator. It follows from Im(G) ⊂ ∧0 ⊕ d∧1 that Im(G) is
perpendicular to KerP2(= {0} ⊕ H2(X)) and Im(D∗2). Hence we obtain Im(G) ⊂
Im(D1) by the Hodge decomposition ∧0 ⊕∧2 = KerP2⊕ Im(D1)⊕ Im(D∗2). Propo-
sition 2.2 implies that N s,αX is smooth at 0X with the tangent space Ker(Ds,α1 ). If
κ 6= 0, then it turns out that
Ker(D1) = {(f, α) ∈ ∧0 ⊕ ∧1 | d∗α+ κf = 0, dα = 0}
= {(−1
κ
d∗α, α) ∈ ∧0 ⊕ ∧1 | dα = 0}.
If κ = 0, then
Ker(D1) = {(f, α) ∈ ∧0 ⊕ ∧1 | d∗α = dα = 0}
= {(f, α) ∈ ∧0 ⊕ ∧1 | ∆1α = 0}
= ∧0 ⊕H1(X).
Hence we finish the proof.
Let LX be the moduli space of Legendrian deformations of X of C∞-class and
Ls,αX that of Cs,α-class. The following is a generalization of Theorem 4.8.
Theorem 5.17. The moduli spaceMX is the intersection NX∩LX where N s,αX and
Ls,αX are smooth.
Proof. The moduli space MX is the intersection NX ∩ LX since MX(ψIm, η, ωT ) =
MX(ψIm, ωT ) ∩MX(η). The space Ls,αX is smooth by Proposition 2.7. It follows
from Proposition 5.16 that N s,αX is smooth at NX ∩ LX . Hence it completes the
proof.
LetN TX denote the moduli spaceMTX(ψIm, ωT ) of transverse (ψIm, ωT )-deformations
of X of C∞-class. Then we obtain
Theorem 5.18. The moduli space N TX is smooth at 0X and the tangent space T0XN TX
is isomorphic to H1(X).
Proof. We define NXT by the vector bundle NXT = NX ∩ ker η|X on X . Let UT
be a sufficiently small neighbourhood of the zero section in NXT and UT the set
{v ∈ Γ(NXT ) | vx ∈ UT , x ∈ X}. We define the map GT : UT → ∧0 ⊕ ∧2 by
GT (v) = (∗ exp∗v ψIm, exp∗v ωT )
for v ∈ UT . Then we have
d0G
T (v) = (∗(dι∗(iv˜ψIm) + κι∗(iv˜ηψRe)− κι∗(η ∧ iv˜ψRe)), dι∗(iv˜ωT ))
= (d∗ι∗(iv˜ω
T ), dι∗(iv˜ω
T ))
for v ∈ UT where v˜ is an extension of v to M . In the last equation, we use that
ι∗(iv˜ψIm) = − ∗ ι∗(iv˜ωT ) and ι∗(iv˜η) = ivη = 0. Under the identification
Γ(NXT ) ≃ ∧1
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given by v 7→ ivωT , we can consider d0GT as the map D1 : ∧1 → ∧0 ⊕ ∧2 given by
D1(α) = (d
∗α, dα)
for α ∈ ∧1. Then it turns out that
Ker(D1) = {α ∈ ∧1 | d∗α = dα = 0} = H1(X).
Now we provide a complex as follows
0→ ∧1 D1−→ ∧0 ⊕ ∧2 D2−→ ∧3 → 0
where the operator D2 is given by
D2(f, β) = dβ
for (f, β) ∈ ∧0 ⊕ ∧2. It is easy to see that
P1(α) = ∆1α,
P2(f, β) = (∆0f,∆2β).
Hence P1 and P2 are elliptic. It follows from Im(G
T ) ⊂ d∗∧1⊕d∧1 that Im(GT ) is per-
pendicular to KerP2(= H0(X)⊕H2(X)) and Im(D∗2). Hence we obtain Im(GT ) ⊂
Im(D1) by the Hodge decomposition ∧0⊕∧2 = KerP2⊕ Im(D1)⊕ Im(D∗2). Proposi-
tion 2.2 implies that N TX is smooth at 0X with the tangent space Ker(D1) = H1(X),
and hence it completes the proof.
5.4 Minimal Legendrian deformations of special Legendrian
submanifolds
We assume that there exists an almost transverse Calabi-Yau structure (ψ, 1
2
dη) on
M with dψ =
√−1 κη ∧ ψ for a real number κ. Let (Ω, ω) be the corresponding
almost Calabi-Yau structure on C(M). For a real constant θ, the phase change Ω→
e
√−1 θΩ induces the almost Calabi-Yau structure (e
√−1 θΩ, ω) on C(M). An (n+1)-
dimensional submanifold X˜ in C(M) is called a θ-special Lagrangian submanifold for
a phase θ if ι˜∗(e
√−1 θΩ)Im = ι˜∗ω = 0. Hence any θ-special Lagrangian submanifold is
a special Lagrangian submanifold with respect to the almost Calabi-Yau structure
(e
√−1 θΩ, ω).
Definition 5.19. A submanifold X in M is θ-special Legendrian if the cone C(X)
is a θ-special Lagrangian submanifold in C(M) for a phase θ.
Any θ-special Legendrian submanifold is a special Legendrian submanifold in the
Sasaki manifold (M, g) with the almost transverse Calabi-Yau structure (e
√−1 θψ, 1
2
dη).
Hence any θ-special Legendrian submanifold is minimal. Moreover the converse is
true in the case κ > 0. In order to see it, we consider the relation between a mean
curvature vector field and a phase of (ψ, 1
2
dη). From now on, we assume that κ > 0.
Let X be a connected oriented Legendrian submanifold in M and H the mean cur-
vature vector field of X with respect to g. Then there exists a R/Z-valued function
θ on X such that ∗ι∗ψ = e−
√−1 θ where ∗ is the Hodge operator with respect to the
metric ι∗g on X .
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Lemma 5.20. Let ωT be a 2-form 1
2
dη. Then dθ = ι∗(iHωT ).
Proof. We take a = κ
n+1
and define ψa and ηa as a
n
2ψ and aη, respectively. Then
(ψa,
1
2
dηa) is an almost transverse Calabi-Yau structure with respect to the metric
ga = ag such that dψa = (n+ 1)
√−1 ηa ∧ ψa and ∗gaι∗ψa = e−
√−1 θ where ∗ga is the
Hodge operator with respect to ι∗ga on X . Let Ha be the mean curvature vector field
of X with respect to ga. Then it follows from the equation (15) in Proposition 3.12
that dθ = ι∗(iHaω
T
a ) where ω
T
a =
1
2
dηa. Hence the equation Ha =
1
a
H implies that
dθ = ι∗(i 1
a
Haω
T ) = ι∗(iHωT ).
Proposition 5.21. Let X be a connected oriented n-dimensional submanifold in
M . Then the following conditions are equivalent.
(i) X is minimal Legendrian.
(ii) X is θ-special Legendrian for a phase θ.
(iii) d ∗ ι∗ψIm = ι∗η = 0.
Proof. By Proposition 5.13, (ii) implies (i). We may assume that X is Legendrian
and there exists a R/Z-valued function θ on X such that ∗ι∗ψ = e−
√−1 θ. If the
condition (i) holds, then it follows from Lemma 5.20 that θ is constant and d ∗
ι∗ψIm = d(∗ι∗ψ)Im = 0. Hence (iii) holds. If we assume the condition (iii), then the
imaginary part of e−
√−1 θ = ∗ι∗ψ is constant, and e−
√−1 θ is also constant. Hence
∗ι∗(e
√−1 θψ) = e
√−1 θ ∗ ι∗ψ = 1 and ι∗(e
√−1 θψ)Im = 0. It yields that X is a special
Legendrian submanifold in the Sasaki manifold with the almost transverse Calabi-
Yau structure (e
√−1 θψ, 1
2
dη). Therefore the condition (ii) holds. Hence we finish
the proof.
Let X be a compact connected special Legendrian submanifold in M . We con-
sider minimal Legendrian deformations of X .
Proposition 5.22. Then the infinitesimal deformation space of X as a minimal
submanifold is isomorphic to Ker(∆0 − 2κ)⊕ R.
Proof. We take the set U as in (1) and define the map F : U → ∧1 ⊕ ∧1 by
F (v) = (d ∗ exp∗v ψIm, exp∗v η)
for v ∈ U . Then Proposition 5.21 implies that F−1(0) is regarded as a set of minimal
Legendrian submanifolds in M which is close to X . It follows that
d0F (v) = (d ∗ ι∗Lv˜ψIm, ι∗Lv˜η)
= (d(∗dι∗(iv˜ψIm) + κ ∗ ι∗(iv˜ηψRe)), dι∗(iv˜η) + ι∗(iv˜dη))
= (d(d∗ι∗(
1
2
iv˜dη) + κι
∗(iv˜η)), dι∗(iv˜η) + ι∗(iv˜dη))
for v ∈ U where v˜ is an extension of v toM . Under the identification Γ(NX) ≃ ∧0⊕
∧1 given by v 7→ (ivη, 12ivdη), we identify d0F with the map d0F : ∧0⊕∧1 → ∧1⊕∧1
defined by
d0F (f, α) = (d(d
∗α + κf), df + 2α)
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for (f, α) ∈ ∧0 ⊕ ∧1. Then it turns out that
Ker(d0F ) = {(f, α) ∈ ∧0 ⊕ ∧1 | d(d∗α + κf) = 0, 2α+ df = 0}
= {(f,−1
2
df) ∈ ∧0 ⊕ ∧1 | d(∆0 − 2κ)f = 0}.
Since Ker(d(∆0 − 2κ)) = Ker(∆0 − 2κ) ⊕ Ker(d|∧0) for κ 6= 0, the space Ker(d0F )
is isomorphic to the space Ker(∆0 − 2κ)⊕ R. Hence it completes the proof.
Proposition 5.22 was shown by Ohnita from the point of view of minimal Legen-
drian submanifolds in η-Sasaki-Einstein manifolds [14]. In the same paper, he also
provided some examples of rigid minimal Legendrian submanifolds in the standard
7-sphere S7 and the real Steifel manifold V2(R
5) and a non-rigid minimal Legendrian
submanifold in S7 (he said that any deformation of X was trivial instead that X
was rigid). We can consider another rigidity condition for special Legendrian sub-
manifolds. We recall that a special Legendrian submanifold X is rigid if any special
Legendrian deformation of X is induced by the automorphism group Aut(η, ψ) of
diffeomorphisms of M preserving η and ψ. Any element f of Aut(η, ψ) induces the
diffeomorphism f˜ of C(M) by f˜(r, x) = f(x) for (r, x) ∈ R>0×M = C(M). Then f˜
is the element of the group Aut(Ω, ω, r) of diffeomorphisms of C(M) preserving Ω,
ω and r. Conversely, Aut(Ω, ω, r) induces Aut(η, ψ) by the restriction to the hyper-
surface M = {r = 1}. Under the correspondence, a special Legendrian submanifold
X is rigid if and only if any deformations of the special Lagrangian cone C(X) is
induced by the group Aut(Ω, ω, r). Hence there exist two rigidity conditions for
special Legendrian submanifolds. We show that these conditions are equivalent :
Theorem 5.23. Let X be a compact connected special Legendrian submanifold.
Then X is rigid as a special Legendrian submanifold if and only if it is rigid as a
minimal Legendrian submanifold.
Proof. It follows from Proposition 5.15 and Proposition 5.22 that the infinitesimal
deformation space ofX as a minimal Legendrian submanifold is the sum of that ofX
as a special Legendrian submanifold and the 1-dimensional vector space generated by
the Reeb vector field ξ on X . Since the group Aut(η, g) is the automorphism group
Aut(η, ξ,Ψ, g) of the Sasaki manifold (cf. Proposition 8.1.1 [1]), Proposition 5.7
implies that aut(η, g) = aut(η, ψ)⊕ 〈ξ〉R. Hence X is rigid as a minimal Legendrian
submanifold if and only if X is also rigid as a special Legendrian submanifold. It
completes the proof.
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